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B.Sc. Honours 6th Semester Examination, 2022

CC13-MATHEMATICS

RING THEORY AND LINEAR ALGEBRA-I I
Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate full marks.
All symbols are of usual significance.

GROUP-A
Answer any four questions from the following 3x4 =12

1 Find all the prime ideals in the ring Zs.
2. Expresstheideal 4Z + 10Z inthering Z as a principal ideal of Z.
3. Show that 1—i isirreducibleinZ[i].

4. Give an example of amatrix Ae M, (R) such that A has no eigenvalue.
. o (1 2),
5. Test for the diagonalizability of the matrix (0 1} in M, (R).

6. If S and S, aretwo subsets of a vector space V suchthat S, c S, then prove that
S) c S. Here S° denotes the annihilator of S

GROUP-B
Answer any four questions from the following 6x4 =24
7. (&) Show that | ={(a, 0) : aeZ} isaprime ideal but not a maximal ideal in the ring 3
/RYA
(b) Provethat in an integral domain, every prime element is an irreducible element. Is 3

the converse true? Justify your answer.

8. (8) Showthat 2+11i and 2—7i arerelatively primeintheintegral domain Z[i].
(b) Provethat K[X] isaEuclidean domain where K isafield.
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9. (8 Let B={B, B, B} be abasis for R®, where 8, =(1, 0, -1), #,=(1, 1, 1) and
B =(2, 2,0). Find the dual basis of B.

(b) Let W be the subspace of R® which is spanned by the vectors o, = (2, -2, 3, 4, -1),
a,=(-1,1,2,5,2), a3 =(0, 0, -1, -2, 3) and &, =(1, -1, 2, 3, 0). Find W°.

10.(a) Let V be avector space over afield Fand T :V — V bealinear operator. Suppose
I+ (t) and m(t) are the characteristic polynomial and minimal polynomial of T
respectively. Then prove that m(t) divides y; (t).

(b) Prove that for all « S in a Euclidean space V, (a, B)=0 iff
le+BIP=llalf +1 817

11.(a) Let V be an inner product space and T be a linear operator on V. Then prove that T
is an orthogonal projection iff T hasan adjoint T* and T?=T=T".

(b) State Bessel’s inequality regarding an orthogona set of nonzero vectors in an
inner product space V.

12.(a) Apply Gram-Schmidt process to the given subset S of the inner product
space V to obtain an orthonormal basis B for span (S), where V= R® and
S={(,11), (0,1,1), (0,0,1)}.

0 -2
(b) Let Ae M, (R), where A:[1 3}. Show that A is diagonalizable.

GROUP-C
Answer any two questions from the following

13.(a) Let Rbean integral domain. Suppose there exists a function 6 : R\{0} — Ny such
that for al a, be R\{0}, 6(ab)>d(b), where equality holds iff a is a unit. Then
prove that R is a factorization domain.

(b) If p be a nonzero non-unit element in a PID D, then prove that the following
statements are equivalent:

(i) pisaprimeelement inD.
(i) pisanirreducible element in D.
(iif) (py isanonzero maximal ideal of D.

(iv) (py isanonzero prime ideal of D.

14.(@) Provethat the integral domains Z[ i Jn ] for n= 6, 7, 10 are factorization domains
but not unique factorization domains.
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(b) Let V=M_(R) and BeV be a fixed vector. If T is the linear operaor on V
defined by T(A)= AB—BA and if f is the trace function, what is T'(f)?
Here T' denotesthe transpose of T.

(c) Let (,) bethe standard inner product on R% Let ¢=(1 2) and S=(-112).If
isavector suchthat (e, ) =-1 and (£, y)=3, find y.

15.() Let F be a field and f be the linear functional on F?, defined by
f (X, X,) =ax +bx,. Then find T'f, where T: F> — F? is a linear operator
defined by T(x;, X,) = (% — %o, % +X,) foral (x, x,)e FZ2.

(b) Find the minimal polynomial of the matrix Ae M4 (R), where

4 -2 2
A=|6 -3 4
3 -2 3

(c) Let T, and T, betwo linear operators on an inner product space V. Then prove that
(Tsz)* :Tz* Tl*'

16.(a) Let V be an n-dimensional inner product space and W be a subspace of V. Then
prove that dim(V)=dim(W)+dim(W~), where W* denotes the orthogonal
complement of W.

(b) Let T be alinear operator on a finite dimensional vector space V and let f (t) be
the characteristic polynomial of T. Then prove that f(T)=T,, where T, denotes
the zero transformation.

(c) Let V be a finite dimensional vector space and W be a subspace of V. Then
dim(W®°) =dimV —dimw .
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UNIVERSITY OF NORTH BENGAL
B.Sc. Honours 6th Semester Examination, 2022

CCl1l4-M ATHEMATICS
PARTIAL DIFFERENTIAL EQUATIONS AND APPLICATIONS

Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate full marks.
All symbols are of usual significance.

GROUP-A
Answer any four questions from the following 3x4 =12
1. Solve the partial differential equation ptanx+qtany=tanz. 3
2. Eliminate the arbitrary function f to obtain a partial differential equation from 3
z= y2+2f(%+logy).
3. Find the region in the xy-plane where the partia differential equation 3

{(x=Y)* =Bz, +22, +{(x-y)* -T2, =0 ishyperbolic.

4. Find the characteristic curves of sin® xz,, +2c0osx z,—-2,=0. 3

5. Find the degree of the following PDE: 3
Z5 +22,+sin(z,) = Xy

Write down the relation between arbitrary constants, independent variables and
order of a PDE.

6. Obtain a solution of the partial differential equation xp+ yg=z representing a 3
surface passing through the parabola y? = 4x, z=1.

GROUP-B
Answer any four questions from the following 6x4 =24
7. Apply Yu =v and v(x, y) = f(x)+g(y) to solve the equation x*u? + y’uZ = 4u. 6
y2 X2
8. Reduce the equation yu,, — 2XyU,, + YUy, = =-U, +-y Uy toacanonical form. 6
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0. Solve the non-homogeneous wave equation:
ou  d%
——4—=exp(-X), —o<X<o , t>0
ot ox? P=x)

with the conditions: u(x, 0) = x* , u, (X, 0) = cosx

10. A tightly stretched string of length | with fixed ends is initially in equilibrium
position. It is set vibrating by giving each point a velocity sin®(zx/1). Find the
displacement of the string out any distance from one end at any timet.

11. Find the temperature distribution in a laterally insulated rod of length ‘I’ whose
ends are also insulated and the initial temperature is given by

x if 0<x<l1/2
l—x if I/2<x<I

u(x, 0) :{

Where u(x, t) represents temperature distribution, x is the spatial coordinate and t
is the time coordinate. Also u(x, t) isboundedast — oo.

12. Reduce the equation u,, +xu,, =0, x>0 to its canonical form.

GROUP-C
Answer any two questions from the following
13.(a) Obtain the differential equation eliminating the arbitrary functions f and g from
z=y f(x)+xg(y)
(b) Reduce the equation z,, —4z,, +4z,, +z= 0 to its canonical form.

14.(a) Obtain the general solution of wave equation for a semi-infinite string with free
end boundary condition, given that initial deflection u(x, 0)= f(x) and initial

velocity %(x, 0)=g(x) where u(x,t) represents the vertical deflection of
string, x isthe spatial coordinate and t is the time coordinate. Also discuss the case

when initial velocity is zero.
(b) Solvethe PDE cos(x+y) z, +sin(x+Y) z, = z. Classify the PDE.

15.(a) Show that the equations xp— yq= X, X*p+q=xz are compatible and find their
solution.
(b) Find the characteristic strips of the equation xp+ yg— pq=0 and obtain the
equation of the integral surface throughthe curve C: z=x/2, y=0.

16.(8) Use separation of variable to solve 4g—u+a—u:3u, given u=3eY —e™¥ when

X oy
x=0.

(b) Use Lagrange’s method to solve:  x?(y—2z) p+ y?(z—X)q = z%(Xx—Y)
(©) Use Charpit’s method to solve:  p(p? +1) + (b—2)g=0

X

6073 2

12x2 =24
6

5+1=6



UG/CBCS/B.Sc./Programme/6th Sem./M athematics/M AT HPDSE2/2022

UNIVERSITY' OF NORTH BENGAL
B.Sc. Programme 6th Semester Examination, 2022

DSE1/2/3-P2-M ATHEMATICS

Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate full marks.
All symbols are of usual significance.

The question paper contains paper DSE-2A and DSE-2B.
The candidates are required to answer any one from two cour ses,
Candidates should mention it clearly on the Answer Book.
DSE-2A
LINEAR PROGRAMMING

GROUP-A | Tei-3 | 9-%
Answer any four questions from the following 3x4 =12
Ffeies @-@FF 576 emiE Tea wie
TADT Bl IR UTTEwD] IR a9

1 Prove that, the set defined by X ={x:|x|< 2} isaconvex set. 3
oo 1, BB X ={x: |x|< 2} 930 Teel 3D |
X ={x:|x|< 2} o gR¥I¥T set TIT convex set & A=l YA TR |

2. Use dominance to reduce the pay-off matrix and solve the game with the following 3
pay-off matrix:
TG (Dominance) e R (a1 Eleie (o-srp/sAfkeeiia siftscs [T
(reduce) 39 @k fasleiis sy i (Pay off matrix) &FE &1 (Game)-&

AT P8
feSu®d!l pay-off matrix @8 dominance WIRT TR TCIR TAG! T (game)
T TR |
B By Bs
Ar | 6 8 6
Al 4 | 12 ] 2
3. Find the dual of the following L.P.P.: 3

fesu®! L.P.P. 91 dual o TR |
Minimize Z =—6x —8X, +10x,
Subjectto, X +X,—X3=2
2% — %=1
X, X5, X520
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fersferie @@, 1,191, (L.P.P.)-9% Dual &3 %4 -
4w (Minimize) Z = —6x, — 8%, +10%,
-G ACACF (Subject to), X+ X — X3 22
2% —%; =1

X, X5, X520

4, Solve the following problem graphically:
fagus! IFITes Uifths SUHT HHE TR |
Minimize Z=3%+X,
Subjectto, 2% +3x, =2
X+ X, 21
X, X, 20
TR R fFHlere Ty i 5
w4 (Minimize) Z=3%+%
-G ACATF (Subject to),  2x, +3x, =2

X+ X, 21

X, X, 20

5. Find the extreme points, if any, of theset X ={(x, y) : [x|< 2, |y|<T].

@6 X ={(x, y):|X|<2 |y|<T-93 @ 539 RTE (extreme points) A ©f
(GRS

AT B 9, st X={(x, y):|X]|<2 |y|<T & =R\ g oy )|

6. Write down the following L.P.P. in standard form:
Standard form =1 fegT®! L.P.P. &8 oRe:
Minimize Z =X —2X; — 3%,
Subjectto, —2x+X,+3X;=2
2% +3X%, +4x; =1
X, X5, X520
ferafeife «at, 1,191, (L.P.P.)-( @i Sipica (Standard form) #ifeer =i
4 (Minimize) Z =X —2Xy — 3%,
-G ACACF, (Subject to), —2x% + X, +3%; =2
2% +3X%, +4x; =1

X, X5, X520
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GROUP-B / Ret-4 / wg-1

Answer any four questions from the following
feferiie - 51Ff6 etae Tes wie
TADT Bl IR UTTEwd] IR a9

Show that x, =5, X, =0, X; =-1 isabasic solution of the system of equations

X +2X, + X3 =4

2% + X, +5%; =5
Find the other basic solutions (if any).
mde @, % =5 X=0 X;=-1 FFw BN x +2x,+X3=4,
2% + X, + 5%, =5-99 (Mfere Fg (Basic solution)! S« (Mifere K (Basic
solution) ARCeT ©f (37 P
% =5 X,=0, X3=—1 AHBUEHEDI UUTAT X, + 2%, + X3 =4, 2% + X, + 5%, =5

BT basic THRIE B Y91 Y907 TR | IfT © Y9 ® basic AHEIFEw U« Aol
TR |

Draw graphically the feasible space, if any, given by the following L.P.P. and find
out the extreme points of the feasible region.

fasuar L.P.P. a1 afe W= 3iS (Feasible space) © 9= UTfthds ®/UAT AT TR
A T & B ARA f[ages ul @] |

Maximize  Z =2x +5Xx,
Subject to,  5x; + 6%, =30
3 +2%X, <21
X +X% <12 ; X, X%X,=0

@fbcaa Mg, fEferfe @45, (L.P.P.)-93 7eI3y weil/= (Feasible space) I
QTP O[ (R 9 @R TN ke (Feasible region)-«@3 53 K12 (Extreme points)
(SIS

*HifeF (Maximize) Z = 2% +5x%,
-43 ACICF (Subject to), 5% +6x, 230
3 +2%X, <21

X +X% <12 ; X, X%X,=0

Find the minimum cost solution for the 4x4 assignment problem whose cost
coefficients are given by:

4x4 assignment THTH] JAdH N FHETT Yo TR, Wbl oINTd T[U b Iq
JhR B |

I 1 v

N RPN —
o
|
N
I
H

OO0 w>»

6x4 =24
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e 4x4 sifsfe @ (Assignment problem) &= &7 s (Minimum cost
solution) (3 <, T &7 FRIPTR (Cost coefficients) (S FRCR|

N P PN

O 0O w >»

10. Solve the following L.P.P. by Simplex method:

fasu®!l L.P.P. @E Simplex g §RT G X |

Minimize Z =X, —3Xg + 2Xg

Subjectto,  3X, — X3 +2X; <7
—2X, + 4% <12
—4X, +3%;3 +8%; <10

Xp, Xg, X5 =0

Tt a1, 21,551, (L.P.P.)-f6 sreiige “afecs (Simplex method) Fii 543

" (Minimize) Z = X, — 3X5 + 2Xs
-G ACATH (Subject to), 3X, — X3+ 2% <7

—2X, + 4% <12

—4X, +3%;3 +8%; <10

X5, X3, X5 20

11. Solve the following transportation problem:

fferias sifsazs s1=mfs (Transportation problem) i %2

fASU®! transportation TART HHAR R |

D1 D> D3
O: 0 2 1
0O, 5
Os 2 4 3

12. Use Big-M method to solve the following L.P.P.:

Big-M ugfd gRT fegu®! L.P.P. 9o TR |
Maximize  Z=3%—X,
Subjectto, 2x+X,=2
X +3X, <3
X<4 ;0 X, % =0
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R9-a% #=fs (Big-M method) 33217 (3 faferfae @t (91,1 (L. P.P.) st 542

i (Maximize) Z=3%—X,
-G ACACF (Subject to), 2% + Xy 22
X +3X, <3
X<4 0 X, % =0

GROUP-C / fetal-al / 33g-1T
Answer any two questions from the following
faferiie - 76 et e wie
TTDT Bl G UTIEHd] IR ad

13.(a) Solve graphically the following game:
fersferie (@b ETibras ARy e 313

asqaj @aaé qThds BUAT FHEE TR |
B B, B
All 3 11
s s o

(b) Using following cost matrix, determine optimal job assignment and the cost of

assignments:

da fRSUal @Td matrix 9IRT NI, optimal job assignment 1Y cost of

assignment xdl NTd ol TR |

Job
P Q R S T
A[10 3 3 2 8]
B|l9 7 8 2 7
Mechanic C |7 5 6 2 4
D|3 5 8 2 4
E[9 10 9 6 10

oo o7 WfEw (Cost matrix) I72F F@, WgFel I e (Optimal job

assignment) €3k S 7 o1 fdfad Te

Y
P Q R S T
A[10 3 3 2 8]
B|l9 7 8 2 7
¥ C|7 5 6 2 4
D| 3 5 8 2 4
E[9 10 9 6 10
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14.

15.

16.

6077

Solve the following L.P.P. with the help of Two Phase method:
Two Phase Tgfcr gRT Tl fagua! L.P.P. {H®M TR |
Minimize Z =X —2X, — 3%,
Subjectto, —2X +X, +3%; =2
2% +3X%, +4x; =1
X, X5, X520
w2 (&% (Two Phase) *afed 7iRicy fsferfe «e. 211, (L.P.P.)-f6 s 323
w4 (Minimize) Z =X —2X, — 3%,
-G ACACF (Subject to), — 2% + X, +3%3 =2
2% +3X%, +4x; =1
X, X, X320

An agriculture farm has 180 tons of Nitrogen fertilizers, 250 tons of phosphate and
220 tons of potash. It is able to sell 3:3:4 mixtures of these substances at a profit of
Rs. 15 per ton and 1:2:1 mixtures at a profit of Rs. 12 per ton respectively. Pose a
L.P.P. to show how many tons of these two mixtures should be prepared to obtain
the maximum profit. Solve the problem by graphical method.

@35 FR FIGE 180 TF WA 74, 250 G TICFs @R 220 5o 6 Wizl @3
smidaler 3:3:4 S 15 Bl it @<k 1:2:1 S 12 Biset a1ice g <+ 91 @2
72 fiteld 39 51 cofl 71 B AMTe 311 A 27, «3 5o @ (6 @, B1L.1, (L.P.P.) o
91 @2 TP FTAB@d I AT F41

T3l PfY w180 € Nitrogen Ae, 250 € phosphate 31\ 220 €9 potash
T | JAel HHATS 3:3:4 BT uarel 811 a8 %15 Ul T BT A1%ET 1 1:2:1 Bl
garel fHSorErs ¥12 U S dl AWMl 9o 9a | B Dl I UarRiel [#Hsor
SITGT ATGH] %I U18q DI ANl 99199 9a8 w1 Usel L.P.P. ™R TR| I9
TS ATtheh HUHT FHR TR |

Find the dual problem of the following L.P.P. and then solve the dual problem:
T fegusaT L.P.P. &I dual 9T @ 319 &9 dual TS R TN |

Maximize  Z=x +6X,

Subjectto, X +X, =2
X +3X, <3
X, X, =20
fersferie @@, 1,191, (L.P.P.) -931 (@@ (Dual) 01 ([7 9 3R 03 T T 41
s (Maximize) Z = X, + 6X,
-G ACACF (Subject to), X +X, =2
X +3X, <3
X, X, 20

12

8+4
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DSE-2B
METRIC SPACES AND COMPLEX ANALYSIS

GROUP-A / [enl-% | T g-%
Answer any four questions from the following 3x4 =12
Faferiee @-@F 5176 etss Tea wie
TADT B IR UTIEwD] IR a9
1 Show that f (z) =Im(z) is nowhere differentiable in C.
@Al f(2) = IM(2) SCHFI0 Soa O SRISANCN] «7 |
f(2) =Im(2)9r & ufv differentiable ©F W1 WA TR |

2. Let X#¢ and d: X x X — R be defined by
0 if x=vy
d(x, y)={ 1]
if xzy
for x, ye X . Provethat (X, d) isametric space.

@AF, X 29 @R d: X x X — R-GI0 <o, @ Heiiesi@ rewiiio:

1 99 X2Y
@A X, ye X 1 &ud 37 (X, d) -9 metric space |
g X#¢ N d: XxX >R

d(x y)={ O T x=Y

0 if x=vy
d(x, y) = _
) {1|f X#Yy
AT JHIOT TR |

X, ye X o uR¥ifdd 9v (X, d) USel metric space &

z—0

3. Show that Iim[%j does not exist.

e |im[§j-aamw@mﬂan

z—0

Iirrg[%j exist TET A AT TR

z—

4. Show that the function u:R* — R, defined by u(x, y)=—x>+3xy?+2y+1 is
Harmonic.

mate @ fAFfEe SeorsHt Harmonic-Sieer s

u:R? — R, @A u(x, y) =—x+3xy> +2y+1

u(x, y) ==X +3xy? +2y+1 o aRWd we= u:R?® — R Harmonic & ¥+
THIOT TR |
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5.

6077

Let (X, d) and (Y, p) betwo metric spacesand f : X — Y be a continuous map,
and {x,} be a convergent sequence in X. Is the sequence { f (x,)} convergent?
— Judtify.

@A, (X, d) @R (Y, p) -4 Metric space @R f: X — Y @36 7SS S35,
@GR {x,} 930 SCYA Sq@F= 1 @3 { f (x,)} HIPAG 1 WSy 2R 9 [Reaize 7401

afe (X, d), (Y,p) SsdeT metric space 8% WY, AN f: X Y U3l
continuous map WY I {x.} X AT UICT fWDHi~<=d (convergent) 3TIHA T |
A { f(x,)} Ui AfslEd 8 ? STRels =maied (justify) TR |

Show that every differentiable function f : C — C is continuous.
4lle &lfofb SRPEATIN TAFF f 1 C — C IO
g% differentiable we f : € — C continuous & 9+l THIUT TR |

GROUP-B / Ret-4 / wg-1
Answer any four questions from the following
Ffeies @-@FF 576 emE Tea wie
TADT Bl IR UTTEwd] IR a9

State and prove Cauchy-Riemann equations.
Cauchy-Riemann FF<e s 31 9 @R (/T &9 341
Cauchy-Riemann A &RUTeTS Seeld 31 THTIT TR |

Let f:D(cC) — C, and f(2)=u(x, y)+iv(x, y), and z;=X,+i1y,€ D. Then
show that f iscontinuousat z, iff uand v are continuousat (X,, Y,) -

G Ae, f:D(cC) — C @R f(2=u(X y)+iv(X, y), @R Zy=X,+1y,e D |
o T f SEFFH z, Y00 70O 2@, U GR v SAFIRAS (X, Y,) [9Ce e
2@, R 29 9, T U GR v SAFFR (X, Y,) [0S 700 27, O | Sesaivs
7, e g 23|

afe f:D(cC) — C 3 f(2=u(x y)+iv(x, y) 3T z,=x,+iy,e D | z,41
f gSer MR=aR (continuous) g% Ife X A1F I u A v FR=R &8 (X, Yp)
HT

Let u: D(c €) — C bedefined by u(x, y) = x> + 2xy + 3.

Can you construct an analytic function f: D— C such that Re(f)=u, (where
you can choose D suitably).

If the construction is not possible, then explain the reason.

R AT, u: D(c C) — € T FefeiReeir affes

u(x, y) = x*+2xy +3.

6x4 =24
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10.

11.

12.

13.(a)

6077

O PN Analytic SIS f 2 D — C -93 DG WG 78 1, & Re(f) =u
2@ 9 (BTFH AR MW, D TSI 0o 2IFcF) | A @ 4@ SAHE e 1 AT,
oizeE (difewel v St

afg u: D(cC) — C @ u(x y)=x*+2xy+3 o alR¥Ifa TRT & faefiel wser
analytic wer1 f: D — C 01 79 waol, S8l Re(f)=u B ? (D @3 AT
fEaEe BrgeN) | Afe AT F9U@T GvsH IaT HRUT 4TS |

Let (R? d) be a metric space, where d is the Euclidean metric on R® Let 3+3
(X,, ¥,)€ R" be a sequence and (X,, Y,)€ R% Prove that (X, ¥,) = (X, Yo) if

andonly if x, = X, and y, — Y, inR.

@l AT, (R d) 2061 @36 Euclidean metric Space @3 (X, ¥,)e R" @ e,
R (X, Yo) € RZ 1 &MATR (X, V) = (X Vo) TE X, = Xg SR Y, — Y, | S,
T, T X, — X R Y, — Yo T, S (X, V) = (%, Yo) |

afe (R? d) TSI metric space WU Sief d R? AT WUaT Euclidean metric &11 afe
(X, Y,)eR"  TIST 3FFHH 9T AN (X, Y)eR®  ¥Y,  TEIT TR
(Xor ¥n) = (X, Vo) IfE A AfE A3 X, — %3y, — Yo, R 47|

State and prove Cantor’ s theorem for a complete metric space. 2+4
@3> Complete Metric Space-€3 &=l Cantor’ -43 S2#w b e 353 @R @i 3311
Complete Metric Space &1 IRfT Cantor’'s &1 ST Seeld 1 JATT TR |

Let (X, d) beametric spaceand A, B < X . Show that 6
d(AuB) < d(A)+d(B)+dist(A B),

where d(A) denotes the diameter of A and dist(A, B) denotes the distance

between A and B.

@A, (X, d) @36 Metric Space @R A, Bc X |

mte d(AUB) < d(A) +d(B)+dist(A, B), @I d(A) -3 =g, A G F @R

dist (A, B)-a3 9, A @R B (673 W& GAT |

g (X,d) USel metric space WY 3 A Bc X YA TR

d(AUB) < d(A)+d(B)+dist(A B), Sief d(A)d A B = dAR[ TS 3

dist(A, B)l A i B ST g1 9A199 |

GROUP-C / feial-at / -

Answer any two questions from the following 12x2 =24

faferiie - 76 et e wie
TADT Bl g8 ITIEHD] IR TS

Let (X, d) be ametric space and Ac X be a compact set. Prove that A is closed 3+3+2
and bounded. Isthe converse part true? — Justify.

@A, (X, d) 93 Metric Space 9% Ac X @6 Compact Set | @4 1 A @60

closed @<k bounded |

92 A7 [R#IF1e A/ (Converse Part) §1 79j 2

9 Turn Over
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(b)

14.(a)

(b)

(©)

(d)

15.

(@

(b)

AME (X, d) USeT metric space 1 Ac X USer compact set 871 A closed 219
bounded B H=I YHIVT TR | IHHT Seel I & ? AT TR |

Show that every convergent sequence in a metric space (X, d) is Cauchy
sequence. What is the converse part of the result?

@M Metric Space 4, @-@IH SEYA TFw M2 Cauchy S& 2@ 1 @2 DA
fI=1® A1 (Converse part) I 779) 2(J 9

Metric space (X, d) ¥ Y& 3ff¥ai~aa ehH Cauchy 3IIHH B W4T JHIUT TR |
I GRS Il & T ?

Evaluate: / T a8 / 1491 Fofg =

.[ zdz
16— 2%)(z+1i)

|z+4| =2

4

Justify: / (Tfewet [Rola w2 / =R TR: R{j f(2) dz}:{[ Re(f (2)) dz}
/e

Prove that the argument function “arg”, where arg: C\{O} — (-x, #] is not
continuous.

elwid F92 Argument SIS0 “arg: C\{Q} — (-7, 7]” F=© I

Argument weld “arg” STt arg: C\{0} — (-, 7] FR=GR B9 ¥+ YAT TR |

Find the image of the point z= J3-i on the Riemann sphere under the
stereographic projection.

Riemann Sphere-4 Stereographic ISt @it z=+/3—i [mba afefEl T z@ ¢

Riemann sphere @1 stereographic projection AT =g z=+/3—i &I image fof
TR |

Let f: D— C, whereD isopen and connected, and f be analytic on D.

@A f:D— C G0 WS, @A D @B Open @R Connected, @3} f
SR D @6 Analytic |

A f:D— C, ST&f D open 31 connected & 31 f D AT analytic &1
If f(2) isanalytic, then f(2) isconstant. — Justify.
W () S analytic T, O f STwFHS analytic 7@ (@fewe! Kol 541
afe f(z) analytic 8T ¥ f(2) ReRi® constant 81| =R TR |
Evaluate: / i i <0412 / A1 fAofg v
.[ dz
22 +1

|z| =3

(c) Show that Re(f) isharmonic onD.

6077
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Re(f) D 41 harmonic ® ¥ JHIUT T} |
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(d) Let L={zeC: Re(2)<(} . Showthat f:D — L isaconstant function.
@IAF, L={zeC: Re(2) <0} . A8 f: D — L NHH0 I SCoAHF |
AN L={zeC:Re(2)<0}. f: D — L Ul ReRI® BeA= & W4T JHT TR |

16.(a) Show that the set of natural numbers is not complete with respect to the metric
1 1
d(m, n)zlm—ﬁ y
where m, n are natural numbers.
ewld 1 FeIRE WA G d(m, n):lni,l—% m, N EN metric-49 ACATH

incompletel

Metric d(m, n):l%—%l DI FHAL, UIPlad FTHI set complete ©H w+H

UHIT TR, TRl m AT N UThiaes GeaEs g |
(b) Show that (R, d) is a metric space, where d is defined by

x—-y| , if xy<0
d(x,y)={| yl

[x]+|y]| , otherwise
2 4 (R, d) @6 Metric Space, @It d-faat fsfaiResia affe:
X— : xy<0
dix. y):{ IX=y| , =%

IX[+]yl, =25 xy>0
(R, d) TUSer metric space B WAl TEIOT IR SRl d AR

d(x, y) = [x—y]| , if xy<0 S qfR RUTT B |
’ |x|+]|y| , otherwise

(c) Inametric space, show that arbitrary union of open setsis open.
23 P (@I Metric Space-9 I9e= (arbitrary) open-GTtes union open-Gic 2|
$1 metric space T, open set ¥%vad! (arbitrary) FE open B I THIUT TR |

(d) In ametric space, countable intersection of open sets may not be open. — Explain.

@-C@ Metric Space-@ countable 4% open GTLGH intersection T open (16 we
209 IR | Resel 3921

$1 metric space AT, open set FHDI IVFRINT (countable) Ufoewa+ open g4
U AP | IRAT TR |

6077 11
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The figures in the margin indicate full marks.
All symbols are of usual significance.
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arerequired to answer any one from the two cour ses and they
should mention it clearly on the Answer Book.
DSE3A
POINT SET TOPOLOGY
GROUP-A
Answer any four questions from the following 3x4 =12

1 Give an example of a continuous bijective map between two spaces which is not a 3

homeomorphism. Justify your answer.
2. If F(N) denotesthe collection of all finite subsets of N then find cardinality of F(N). 3
3. The co-countable topology on R is defined as the collection of all setsU c R so that 3

R\U is either countable or al of R. Is [0, 1] a compact subspace of R with

co-countable topology.

o 0 °c ¢

4. Showthat A=A and A = A, where A° means complement of A. 3
5. Let us consider R with cofinite topology. Find closure of A and B where A is finite and 3

B isinfinite.
6. Examine if every constant function f : (X, J;) — (Y, J,) iscontinuous. 3

GROUP-B
Answer any four questions from the following 6x4 =24

7. Provethat 2% = ¢, where|N|=a and |R|=c. 6
8. Let f:(X,Jyx)—>(Y,Jy) be a mapping then prove that the following are 6

6074

equivalent:
(i) f iscontinuous.
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(i) f(A)c f(A),VAc X
(iii) for any closed set CinY, f*(C) isclosed in X.

0. Show that R with usual topology is not compact but R with cofinite topology is
compact.

10. Let X and Y be connected spaces. Show that X XY is connected.

11. Show that {(r,s); r<s,r,seQ} is a basis for usual topology on R but
{[r,s); r<s,r,seQ} isnot abasisfor R,.

12.(a) Can we say that metric spaces are topological spaces? — Explain.
(b) Show that projection maps are continuous open but not closed.

GROUP-C
Answer any two questions from the following

13.(8) Let X be a compact Hausdorff space and let (A,) be a countable collection of closed
sets in X. Show that if each set A, has empty interior in X, then the union U A, aso

neN

has empty interior in X.
(b) Provethat continuous image of a connected space is connected.

14.(8) show that the function f : R, — R defined by f(x)=[X] V¥ xe R is continuous.
(b) Show that R" and R™ cannot be homeomorphismif m= n.

15.(a) By giving examples show that a+c=c, where|N|=a and |R|=c.
(b) Show that closed subset of a compact space is compact but a compact subset of a
topological space may not be closed.

16.(a) Show by an example that connectedness is necessary in the statement of intermediate
value theorem.

(b) Let A be a subset of a topological space X and (x,) be a sequence in A such that
X, — X. Show that xe A. Also show that if X is a metric space then the converse is

true.
DSE3B
BOOLEAN ALGEBRA AND AUTOMATA THEORY
GROUP-A
Answer any four questions from the following
1 Give an example of a bijective mapping between two ordered sets which is not an

order isomorphism.

6074 2
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2. Show by an example that union of two sublattices of a lattice may not be a sublattice.

3. Reduce the Boolean term ((%, + X,).(X] + X3))” to DNF.

4, |dentify the language L(M) accepted by the automaton M in the figure:

Write down the transition table for this NFA. Also find L(M).

6. Let X ={0,1} and T ={we X" : w contains even number of 1's}. Show that T is an
accepted language.

GROUP-B
Answer any four questions from the following 6x4 =24
7. (8 Let L and K be two lattices and f: L — K be a map. Prove that f is a lattice 4
isomorphism iff it is order isomorphism.
(b) Provethat every sublattice of adistributive lattice is also distributive. 2

8. (a) Let L beaBoolean lattice. Then provethat for all a, be L, aab’ =0 iff a<b.

(b) Let X be any set. Define FC(X) ={Ac X : Aisfinite OR X\ A is finite}. Prove that 3
(FC(X),u, N, ", ¢, X) isaBoolean Algebra.
9. Suppose a4-variable Boolean term is given as follows: 6

p=>m(0, 1 2, 5 7, § 9, 10, 13 15)
Minimize ¢ using Karnaugh map.

Turn Over
6074 3
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10.(a) For the given &NFA, compute 5(q0, aba) and 5(q0, bba) . 3
b

(b) Find epsilon closures of all the states of the given e-NFA. 3

a Qb

11.  For X ={a, b, ¢}, design a Turing machine that accepts L ={a"b"c" | n>1} . 6
12.(a) Show that the language of palindromes over >. ={a, b} isacontext free language. 4
(b) Distinguish between NFA and &-NFA. 2
GROUP-C
Answer any two questions from the following 12x2 =24
13.(a) Provethat alanguage L is accepted by some DFA iff L is accepted by some NFA. 6
(b) Find regular expression for the following DFAS: 3+3
§-§
a b
0 OO ©)
&)

(i)

6074 4



UG/CBCSB.Sc./Hons./6th Sem./M athematics/M ATHDSE3/2022

14.(@) Draw the transition graph of the NPDA, M =(Q, X, T, d, qy, z, F) , where
Q={ay, &, 9}, 2={a, b}, T'={a,b, Z, F={q,} and J isgiven by:
(0, &, 2)={(q, &), (ap, A)}
6(0y, b, &) ={(q, b)}
6(0y, b, b) ={(a, b)}
6(y, &, b) ={(q,, )}

(b) Let X ={a, b} be an alphabet. Show that the language L ={a"b": n>1} is not a
regular language but it isa CFL.

15.(a) Prove that a lattice L is non-distributive iff Ny L OR M;> L. Here L, = L,
means L, contains a sublattice isomorphicto L.

(b) Consider the lattice L given below:
1
a l’ as
a &

<

0

Which of the following are sublattices of L?
L={0a,a,%3, L ={04a, a1
Justify your answer.

16.(a) Draw a switching circuit which realizes the following Boolean expressions:
()  x(yz+yZ)+X(yZ +yz)
(i) (X+y+z+u)(x+y+u)(x+2
(b) For ne N, suppose D,, denotes the set of all positive divisors of n. Then prove that

(D,, <) is a Boolean lattice iff n is square free. Here, a < b iff a|b. Here for

;N
ae Dn, a:a.

X

6074 5
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DSE4A
DIFFERENTIAL GEOMETRY

GROUP-A
Answer any four questions from the following 3x4 =12

1. For the curve T = (3u, 3u?, 2u®), show that radius of curvature R= g 1+ 2u?)?.

2. Find the equation to the developable surface which has the helix x=acosu ,
y=asnu, z=cu for its edge of regression.

3. Find the length of the curve given as the intersection of the surfaces
2 2
Xy
——-—>=1, Xx=acosh(z/a
Z 12 (z/a)

fromthepoint (a,0,0) to (X, Y, 2).
4, Prove that the geodesic curvature vector of a curve is orthogonal to the given curve.

S, If the n™ derivative of I with respect to s is given by r™” =a t +b fi+cb, prove
that b ,, =b +ka, —7c,.

6. Prove that the curve given by x=asin?u, y=asnucosu, z=acosu lies on a
sphere.
GROUP-B
Answer any four questions from the following 6x4 =24
7. Show that a curve is a helix if and only if the curvature and torsion of that curve arein 6
constant ratio.

6075 1 Turn Over
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8. If the tangent and binormal at any point on a curve make angles 6 and ¢ respectively
. . N sng do _ _k
with afixed direction, then prove that Sng dg- T

9. (a) Prove that the asymptotic lines are orthogonal iff the surface is minimal.

(b) Show that the parametric curve on a surface r(u, v)=(ucosv, usinv,v) are
asymptotic line.

10. Find the parametric direction and angle between parametric curves.

11.(a) Find the equation of the tangent plane and normal to the surface xyz= 4 at the point
1,2 2.

(b) Provethat the surface xy = (z—c)? is developable.

12.(a) Define first fundamental form.

(b) Show that, if @ is the angle at the point (u, v) between the two directions given by
2H (Q*- PR)Y2
ER-2FQ+GP

Pdu® +2Qdudv+ Rdv? =0 ; then tand =

GROUP-C
Answer any two questions from the following
13. Prove that for any curve:
(i) r-r"=0
(i) 1-T=—k
(iii) 777" =kK
(iv) 7.7 =-3kx
V) -tV =k - K —Kkr?)

i) 7t =i+ 2K + K0 + kT

14.(a) State and prove Serret-Frenet formulae.
(b) Find the arc-length parametrization for each of the following curves:

F(t)=4costi +4sintj, t>0 and F(t)=(t+3 2t—4, 2t), t>3

15.(a) Show that the parametric curves are orthogonal on the surface

r =(ucosv, usinv, alog{u++u?—a?})
(b) Find the Principal direction and Principal curvature on a point of the surface
x=a(u+v), y=b(u-v), z=uv

6075 2
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16.(3)
(b)

10.(a)

(b)

6075

Find the involute and evolute of a circular helix.
Show that the curves u+ v = constant are geodesic on a surface with the metric

(1+u?) du® — 2uvdudv+ (1+v?) dv?

DSE4B
THEORY OF EQUATIONS

GROUP-A
Answer any four questions from the following

Apply Descartes rule of signs to find the nature of the roots of the equation
x*+x%+x-1=0.

If o, B, ¥ bethe roots of the equation x® + 3x? — x+3= 0, find the value of Z%.

Express the polynomial 8x® + 2x+ 2 asapolynomial in 2x—1.

Find the remainder when x™° + x” + x* + x* +1 isdivided by x* +1.

Form a cubic equation with real coefficients whose two of therootsare 1 and —1-1i.

If &, B, ¥ be the roots of the equation x*+ x—2=0, then find the equation whose
rootsare «+3, f+3, y+3.

GROUP-B
Answer any four questions from the following

Find the range of values of k for which the equation x* — 26x* + 48x—k = 0 has four
unequal roots.

Calculate Sturm's function and locate the position of real roots of the equation
x* —x? - 2x-5=0.

If o, B are the roots of the equation t? + 2t +4=0 and m is a positive integer, then

provethat @™+ ™ = 2™ coszmT” .

Prove that the equation (x+1)* = a(x* +1) is a reciprocal equation if a=1 and solve
itif a=-2.

If x*+3px+q hasafactor of the form (x—a)?, show that g* +4p®=0.

3+3

3x4 =12

6x4 = 24
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1L f a+fB+y=1 &?+p%+y?>=3 ad a®+B°+y°=7 , find the value of
ot + B+ 4

12.(a) solve: x®-18x—35=0

(b) If « is an imaginary root of the equation x"-1=0 , prove that
11
@+ (@+2) o (d°+2) =2 3+1.

GROUP-C
Answer any two questions from the following
13.(a) Solve the equation x* +12x*> —18x* + 6x+9=0, given that the ratio of two roots is
egual to the ratio of other two roots.
(b) Solve by Ferrari’s method: x* —4x3 +5x+2=0

14.(a) If ¢, B, y arethe roots of the equation x° + px* + gx+r =0, find the equation whose
rootsare o + By, By +y, ya+af.

(b) State Fundamental Theorem of classical algebra. If « is a root of the equation

1 + 2 + 3 + 4 =X-5, provethat & isanon-zero real number.

X1 x-2 x-3 x4

15.(a) Find the limits of the negative roots of the equation
30x” + 41x% -136x° + 31x+12=0

(b) Express the polynomia x*+3x®+5x?+3x+1 as a polynomia in (x-3) and
(x+2).

16.(a) Find the relation among the coefficients of the equation x* + px® + gx® + rx+s=0 if
itsroots &, 3, ¥ and o be connected by therelation a+ S=y+0 .

(b) Solve: 3x°+ x> —27x*+27x* —=x-3=0

6075 4
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SEC4A
BOOLEAN ALGEBRA AND AUTOMATA THEORY
GROUP-A / [onl-% | T g-%
Answer any four questions from the following 3x4 =12
Fafeie @-@@ 51af5 et Teawie
TADT Bl IR UTTEwD] IR a9
1 Define an order isomorphism between two ordered sets. Give an example.
g‘z;ﬂ G154 (Ordered sets) W«e! @& @ isomorphism @ & @™ 9 @3
SRRGICH

g% ordered sets & ®I order isomorphism @7 TRHMNT TS | ITERYT S |

2. Define a complete lattice. Give an example.
Complete lattice 3eTC® & @RI 7 @30 Twizge wie |
Complete lattice BT ST Afd TRHET oI |

3. Define a distributive lattice. Give examples of a distributive lattice and a non-
distributive lattice.

Distributive lattice-a3 kel we| @6 distributive lattice @32 @3 non-
digtributive lattice-93 Tnigde G |

Distributive lattice &7 gRYTST oikg | Distributive lattice 31 non- distributive
lattice BT STTERUES T |

6076 1 Turn Over
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4, Define Boolean algebra and give two examples of Boolean algebra.

e Jresiidred e v <k 1o Jferaie remifdces Trizad e
Boolean dISRTIOITD! ggder IaTeR0T Higd URHATT o |

5. Let e ={0, I}, A={0, 0}, B={¢, 1, 110} . Find AB and BA.
@ £={0, 1, A={0, 0}, B={¢, 1, 110} . ST AB &< BA fafa ==
A+ €={0, 1}, A={0, 0%}, B={¢, 1,110} AB 314 BA &I A9 fvig TR |

6. Define DFA and NFA.
DFA @32 NFA-99 7! 7€ |
DFA 311 NFA &7 IRYTYT oI |

GROUP-B / Ret-4 / wg-1

Answer any four questions from the following 6x4 =24
Fefeie @-@@ 519l emia Teawie
TADT Bl IR UTTERD! IR %
7. (d) Define dual of an ordered set and state the duality principle. Give an example of a 3
dual statement.
@ (63 dual 3Tce & @RI 9 Duality principle-6 Stad 41 @36 dual [RJfe
Twizgel WS |

Dual of an ordered set &1 TRWET o 319 duality principle Seei@ TR | Dual
statement &1 IETERT T, |

(b) Provethat (P(X), <) isabounded lattice where X is any non-empty set. 3
X 2ifet 9 @3 @6 EEF GFeg @w i 39 (P(X), <) @< Bounded lattice!

(P(X), <) User bounded lattice 8 =R UHIUT TR, STl X TSl non empty set
Bl

8. (a) Define a sublattice of a lattice. Give an example of a sublattice of the lattice 3
L={me N: m|30} . Heretheorder in L isdefined by a<b iff a|b.

@7 @ lattice-99 sublattice 7o F @< 9

L={me N: m|30} lattice-To5 @3> sublattice-a3 Twizae wis, @ L-4
@b (order) FEIR® Witz a<x b IM GR @ IT a b

Lattice ®T U lattice & URWINT <% | Lattice L ={me N: m|30} &I sublattice
DI ISRV &% | T8l L &I order 1 ax b 1 IfT #3 a|b 4R aR+ivg
TRUDT B |
(b) Provethat any chainin alattice is a sublattice. 3
2Ilel 91 L atti ce-@3 (997 (F &I *[&ls (chain) @< sublattice 221
Lattice @I %1 chain S lattice BT ¥l YT TR |

6076 2
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9. (a) Provethat every sublattice of adistributive lattice is also distributive.

10.

11.

(b)

2 T3 @9 @0 Digtributive lattice-93 sublattice-=f distributive =1
Distributive lattice &1 U lattice ufs distributive B 9T AT TR |

Prove that every homomorphic image of a modular lattice is also a modular
lattice.

W4l8 @-@E @36 Modular lattice-a3 homomorphic &= (image)-6 «=6 modular
lattice |

Modular lattice ®T Y% homomorphic image g~ modular lattice & ¥+ THTOT
TR |

Let Dy, denote the set of all positive divisors of 30. Then provethat (D5, <) isa
Boolean lattice where for any a, be Dyy, a<b iff a|b. Here @’ (complement

of a) is defined by a'= 2.

§2 Dy, , 30-97 761 4GS [Forey T (6 | & 9 (Dsyy, <) G0 IR lattice
@A axb IM 9 @IEWG A a|b, a, be Dy, 9ROIe & ( a-9F AREHF)
,_ 30

A=

A Dy, 30 BT T4 AHRIAD [THTSIH BT st BT | (Dyy, <) TSCT il lattice
g TR YA TR, WE @ a, be Dy, W axb IR Afy Ak wr alb. wE

a’(a @I complement) <Irs a’:%o o gR¥IRT TS |

Design a DFA that accepts the following language:

L ={xe{a, b}": x beginswith aa and ends with bb}
@36 DFA 591 39 31 [Felerie Sl aizel e
L={xe{a, b}": x, aa 2! @F 9 bb 2N > 2=} |

U<l DFA design R Si¥fel Aol fAgUadI AT o3 WidR Te: L={xe{a, b}":
X aa ¥l Yo gV 3+ bb AT 3 §B ?

12.(8) Write aregular expression for the language L ={a"b™: m+n iseven}.

L={a"b™: m+n @I &C M4} SRBE regular AR (expression) et
(e 41

a7 L={a"b™: m+n USCI W (even) W& B} B AR USel regular
expression o |

(b) Give English description of the language b(a” b)"a”.

6076

b(a"b)*a* oIt s 3 Sradt w41
AT b(a*b)'a’ oE IS fAavvr <% |
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GROUP-C / feial-at / -

Answer any two questions from the following 12x2 =24
faferiie - 7f6 et e e
TTDT Bl G UTIEHd] IR o
13.(a) Convert the following DFA to regular expression: 6

fersferiie DFA-GP regular SisIeT seiies ¢

faSu®d! DFA TS regular expression AT 9RO X |
1

&1 o

(b) Prove that for any two languages L, and L,, L,ulL, and LnL, are aso 6
languages.
@~ 9o Ol L, @R L, -9 &) @4 39, L, UL, @R L, N L, 7R orl &3
$1 gs WWEw L and L, AT, Lul, 3 L AL, Ul HuEs g @9l gHoT
|

14.(a) Let M be an NFA whose state diagram is given below: 6
(i)  Write down the transition table for this NFA.
(i) What arethe final states?
(iii) Find L(M).
M @S NFA 119 sz« w30 (state diagram) foes affe:
(i) NFA-@3 (g transition table-f6 Stae 341
(i) T e 6 &5 9
(i) L(M) -3 7w fefay 411
= M TSeT NFA 9T, ST T do figgat ©
(i) ¥ NFA &I &rfT transition table oI |
(i) oIf~TH states & @& g ?
(i) L(M) @ |
/CI\ a

0
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(b)

15.(a)

(b)

(©)

16.(3)

6076

Draw the truth table for the Boolean expression x; + X, - X, and then reduce it to
its DNF.

X + X, - Xg eI AR Truth table & w& F9 @2 Gifoee SN DNF Siwica
GRl

AT expression X, + X, X, @I Truth table f=01 TR af Id@es DNF &1
RO TR |

Suppose a Boolean term in 3-variable isgiven by: f =>m(3, 6, 7). Minimize f
using Karnaugh map.

@ 3T iR @9 @3 JerE #m f =X m(3, 6, 7) =Rl R&@e 1 Karnaugh
T (Map) IR IE - (@IS AFIE 2B 51

qHEl USST gl term 3-variables AT I8 fasual 8 f=Ym(3,6,7) .
Karnaugh map ST TR JHATS ECTTS |

Draw the switching circuit which realizes the Boolean expression
XyZ +X(yZ +Y'z).

xyZ + X (yZ + y'z) I afmienfta Sorge 73t a9 (Switching circuit)-6 o
4

el expression xyZ + X (yZ + y'z) |7 fAerd UeT switching circuit f=rEor TR |
Find the Boolean expression that represents the circuit shown below:

foraferie T e T ave Jferae At e F=e

ST circuit ATS represent T el expression TS| TR |

Suppose a room has three entrances and at each entrance there is a switch to
independently control the light in the room in such away that flicking any one of
the switches changes the state of the light (on to off and off to on). Design a
switching circuit to accomplish this.

R (I QB0 ICF Foq0 27l ity @R 2fefb @@ FER SAENE FHTOIE
foEe 3@ @ @ I J2B Wi, AR @ GFHF 5 06 NE 97! A7
2T (BIF] (AT I9 4R I% (A 51 @fb 3791w T2 Tey @ 73 NS wrizs w411

Al USTT PISTH! 3 del Ydel §R © 31 UAd gRAT U switch B el
A BT BISTHI IRty PRI TS | IRAT ARG SIEAT G Y[l switch

qETSEl, TRIPI §xild! 3faven gRad+ 6 (on <Rd off a1 off <Ry on) I
IATDT ™Y USCT switching circuit design X |

3+3
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(b) Prove that a lattice is non-modular iff it contains a sublattice isomorphic to Ns.

6076

(Ns isthe pentagon).
@el ¥4 @3 lattice, non-modular 2 M 4R @< I lattice-Bre @G
sublattice ¢ A Ns-43 H isomorphic! (Ns 28T 2/%ge) |

U3cl lattice, non-modular B Jfe o afe @9 I9ar sublattice, Ns T
isomorphic YT®I AL T8 A= YHVT TR | (N5 TSI UeRT 8)).

SEC4B
GRAPH THEORY

GROUP-A | T@i-3 | 98-&

Answer any four questions from the following 3x4 =12

faferiie - 51Ff6 etae Tes wie
TADT Bl IR UTTE0D! SR %

Define complete graph and complete bipartite graph with examples.

TrizgerTz 7o &l (Complete graph) @k 3™ f4#FFiT aliF (Complete bipartite
graph) Fk@Ie =1

Complete graph 319 Complete bipartite graph @ SeTERvT Afed TRHENT T |

Examine the following statement is true or false:

“There exists a simple graph on 10 vertices and with 20 edges and 5
components.”

Tewx (el wrey =t e » =8 a2 <10 & 1R, 20 © g @z 5% Toi*t g&
(component) @F% Al aliF-ad wREg ez’

Tt fegUel ®ee wew ' 'IgA Wiig TR 20 edge i 10 vertices 31 5 qeT
component {UHT AR graph &4 IS |

Prove that every tree is a bipartite graph.
ool 79 (@ 2fof G (Tree) faorFix &% (Bipartite Graph) 231
Jd tree USel bipartite graph & ¥+ THIUT TR |

Does there exist a simple graph with five vertices having degrees 2, 2, 4, 4, 4?
— Judtify.

2,2, 4,4, AT (degree) %2 5 6 MR pr @3 Ma@e aiF (Simple Graph)-93
ey oicR % 9

2, 2, 4, 4, 4 degrees 9UH! 5 vertices Il ARIRYT graph 1 UISST ? =IaIed
TR |

Prove that, a connected graph G with n> 2 vertices is a tree iff the sum of the
degrees of the verticesis 2(n-1).
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2l T4 @ n- MIRPR @ RIS &l (Connected Graph) G (6 & (Tree) =@
Tt @ @3 T (if and only if) MIRelr B8k =2 2=t 2(n-1) |

n>2 vertices ¥®!I TICT connected graph, tree & afe 1< Ife @13 vertices
B degree 8d! ANTHA 2(N—1) BT H= YHIUT TR |

6. State the following graph is bipartite or not. Justify your answer. 3
[HA &t fGerF T 97 9 (OINF o AHE F41
de1 fegusl graph bipartite 81 259 =IrIRd TR |
Vi
€ &

v,
V3 €

GROUP-B / Ret-4 / wg-1

Answer any four questions from the following 6x4 =24
Ffeies @-@FF 576 emE Tea wie
TADT Bl IR UTTEwd] IR a9
7. (a) Define Hamiltonian cycle and also show that the following graph is a 3
Hamiltonian graph.
‘Hamiltonian cycle’-93 k&l nie @R el @8 @ TEeRe e B @b
‘Hamiltonian graph’ 201

Hamiltonian cycle @& aR¥eT <@ 31 faguar graph Hamiltonian graph &F
AT JHIOT TR |

(b) Let G be asimple connected graph with 10 vertices and 9 edges. Does G contain 3
avertex of degree 1? Justify your answer.
121 AF G 2 10 b e @<k 9  aig [i*E @3 w7et wyw a1 e G-co & @ ol
%2 @t MR 70z 2 O TS AR FA)

M G, 10 vertices 31 9 edges YUHT USel ARIRYT connected graph &1 /& G
o1 1 degree ¥ IUdT vertex THIART T8 ? =IMATAd TR |

8. Prove that a graph is bipartite if and only if it does not contain any cycle of odd 6
length.

2l 1 @ G0 e fye=Ri &t (bipartite) 203 T @3k wgwiE T (if and only if)
e RSE Md @I 5 (cycle) = /|
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9. (9

(b)

10.(a)

(b)

(©

11.(a)

(b)

12.

6076

U3l graph bipartite 1 afe 1Y Ife A1 TFe odd o1g 9UHI cycle AL
TS A YA TR |

Show that a connected graph with one or two vertices each of which has even
degree, has an Euler circuit.

e @ @3 3t 7fo MR @ RIS alF (Connected Graph) 7 st M-
@3 (el fB& (even degree) TRCR, (AT @36 * Euler circuit’ A1

T3l connected graph AT even degree YT&! Udh 37T g RT¥Ew (vertices) ®
W9 941 Euler circuit 9 B ¥9R YA TR |

What is the number of edges in k,, n>2? How many vertices are there in a
graph with 20 edges if each vertex is of degree 4?

‘k,’-a3 (G Are R [ 7 @LAE n> 21 @3 i @4 20 G 3 I@e @3k
2ifofs M-« & (degree) 4 2, @2 arF-97 M7 e 11

k., Nn>2 # Bicdger fhIREw (edges) © ? 20 {HARE® WU TSl graph #1

g% RuEed! degree 4 WY, ST g1 R¥Ew B ?

Give an example of a graph which is Eulerian but not Hamiltonian.
T Nt Twizae wie (6! * Eulerian’ 203 5% ‘Hamiltonian 2@ =
T3l graph &1 SETERT <3 ol Eulerian 81 @R Hamiltonian 215 |
Give an example of a graph which is Hamiltonian but not Eulerian.
QT &R Twizge wis @6 ‘Hamiltonian’ 2@ % * Eulerian’ 2@ =111
T3l graph &1 SETERT €3 oIl Hamiltonian 81 X Eulerian 815 |
Give an example of closed walk of even length.

GF T (&I red I 26 (Closed Walk) Srizgel e

Even &H T8 YU®I U3l closed walk &7 SETERTT &3 |

Define isomorphism of graphs.

FICFS ‘isomorphism’ -4 3Resl 18 |

Graph a1 isomorphism &1 URHYTST T |
Prove that the two graphs are isomorphic.
el 9 @ 70 &1FE ' isomorphic’ 2631

3% graph &% isomorphic B 9=l JHIUT TR |

& =h

A graph G with n vertices, (n—1) edges and no circuits is connected.

n AR @k (n—1) A= [BE @3 aiw-93 7@ @ Circuit’ 7t A, oz awh
@3 WY &llF (Connected Graph) 21
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13.(3)

(b)

14.(3)

(b)

15.(a)

6076

n RYEs 9udl (n-1) fPTRES WU 19 circuits 9T graph G connected
B |

GROUP-C / fetal-al / 33g-1T
Answer any two questions from the following
feferiie - 7fo et e wie
TADT Bl Gs UTIEHd] IR o

Prove that a simple graph with n-vertices and k-components can have almost
(n—k)(g—k+1) edges.

et $9 @ n MR @3 k ToAk*PT2 (Components) @36 MxEe alltra SR @
(=K (N=K+D 5t 21 21wz =i

n RmEes M k-componentgs WUHI TSCST ARIRYT graph &I T

(n_k)(g_“l) fPIRTES g0 A+ UHIT TR |

In a Binary tree T on n-vertices, then show that number of pendant vertices is

n+1
2

. Isit possible to draw atree with 5 vertices having adegree 1, 1, 2, 2, 4.

e @ n ARYe @36 ‘Binary Tree' T-(o n_;rl FRAF Pendant’ MR AT

5 & MRge @3 Tree' i 7187 & @i Mdfmefer 8 (degree) 2@ 1, 1, 2,
2, 41

n-Rries Yud! Binary tree T B | Xad—1 R¥gwd! dw=r ”—518 T JHIT TR |
Degree 1, 1, 2,2, 4 ¥Ua! 5 RiEs wya! tree 0T 9 \aw ?

Prove that every connected graph has at least one spanning tree.

2 39 (@ 2fsfb WY@ allF (Connected Graph)-«@ T @3 * Spanning Tree’
AR

gd connected graph &I & | $HH USel spanning tree © 9T JHIOT TR |

Find the minimal spanning tree in the following graph:
fersferiie i @sfB Minimal Spanning Tree' e
Tl fagudT graph §1€ minimal spanning tree TN T |

Vi

e 12
€ Ve

€3 V3 €s 0
€4 e (SY € "
en

Vo

Vy S5 Vs

Prove that agraph G isaforest if and only if e—n+k =0, where e = number of
edges, n = number of vertices of G, and k = number of component of G.

12x2 =24

Turn Over
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23ld T @ @I aiF @I Forest’ 2@ I @R @G I e—n+k =0 2, @A
e =A@ R4, n = AIRYA Rt @R k = G -9 Tofik*-93 2T (Component) |
U3l graph G forest &1 afe 3 af A e—n+k=0, &l e =foIREwS]
@, n= RNEwEd! W& G a1 k=G P component g/l Hw&AT |

(b) Suppose G is aself complementary graph on n vertices. Prove that there is ke Z*
suchthat n=4k or n=4k+1.
@ AT G T n ARVIE @  Self Complementary’ &llF | &¥id 9 @ n=4k 3
n=4k +1 3@, @A k 25 90 FreiF w21

qHl G T3l n e wuat self complementary graph &1 AT TR &l
KeZ'® SAT n=4Kk 3dl n=4k+1 |

16.(a) Define adjacency matrix of a graph. Find the adjacency matrix of the following
graph:
‘ Adjacency matrix’ -93 3l wie | =T &t * Adjacency matrix’ degee
Graph @7 Adjacency matrix @I uR¥meT o | &Syl graph @1 adjacency
matrix el X | Vi

v,
Ve

Vs Vs

\

(b) Inthefollowing graph:
e alcers
ol faguar graph AT

Find: (i) A walk of length 5 from vs to vs.
(i) A tral of length 9 from v to va.
(iif) A circuit of length 7 from vy to vi.

goaz (i) Vs (F v 2@ 5 THCda @36 ‘Walk' |
(i) vy (I vy 21® 9 TCha @& (6 “Trail’ |
(i) V1 (/& v, 1 7 a9 * Circuit” |

@t (1) VsaRa vs TH®I 5 TS IUPT T3el walk @i |
(i) v,eRa vy THDI 9 TN 9UHT TSl Trail Tl |
(i) v TR vy THPT 7 THTS IUB! TSl circuit Qo |

X
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