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UNIVERSITY OFF N{}ltTH BENGAL
B.Sc. Hanours 3rd Semester Examination, 2019

CCS5-MATHEMATICS
Time Allotted: 2 Hours Full Marks:'60

The figres in the margin indicote fill morks
Candidaies thould answer in thair own words and adhere to the word limit as praciicable
Al symbaly are of woal significance

GROUP-A

L. Answer any four questions from the following: x4 =12

{a) If f:la, b]— R has derivative at c (g, b) then prove that 36 > 0 and M >0
such that | f(x)—f(c)| < M |x—¢|, Ve Ny(e).-

(b) Let (X,d) be a metric space and SAUBS6(4) -1*6(33%-&[:4 B). where &
designates the diameter of the set.

(¢) Use sequential criterion of continuity o prove that'the function f defined on B

by,
s e}
A {D ,  xeR|Q

is discontinuous at every pm'nt cek.

(d) Prove that between any two renl roots of the equation &' sinx+1=0 there is at
lenst one root of 1an x+1= 0,

. K [0, if0<a<l
¢ ' \@” sier = ‘
(¢) Show thal fﬂ"‘_‘ si.n#, {.Fl , il a>l

(f) Let f4f-111}— B be defined by

0. xe[-1, 0]
.Hri—{ll e, 1]

[Joet there exist o function g such that g'(x)= fix), xef=1, 1.

GROUP-B

2 Answer any faur yuestions from the following: xd =24

(a) iy e funcion f e, b] — B be continuous on [, b aod injective on [a, b], 4
then f bs strictly monatone on o, b].
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(i) A function f: R — R satisfies the condition | f(x)—f(»)] < |x-y[* for 2
all x, y=R. Prove that [ is a constant function on K.
(b) (i) Show that if h be the height of a closed cylinder of given volume ¥ and least 4
surface area §, then the diameter is equal to k. -
() If f(0)=/"(0)=0 and f"(x) exists in O<x<h, prove that 3 ¢ with
f[h'j:%h:f‘{c), D<e<h.
. 1 = 6
c =
() Show that E-Tng —1" where @ is given by,
fEﬂHl'.l=I[n]*-‘lf'la}+£f’{r:]+ ........ + " j'H{ﬂ]+£f"{a+Eh].n
2] (=11 n! h

provided that f™*' is continuous at @ and S*Hay=0.

(d) Let £, be the set of all real sequences for which Z| x, |" <0 and a metric 4 in £, 6
i=1

- We
is defined by d(x, y}=[2‘,|x‘—y, |"]  Vx={x) and y=(y}ef, Then

=l

prove that the space (£, d) is complete metric space.
(e) (i) Let f:la, b]— R be diﬂemntiﬂ:l:"u 4n interior point C of [a, b]. Let 4
la, ). (B,} be two sequences satisfying a<a, <C<f, <b for all nel,
both converge to C. Prove that lim Mr—“ JIC).

ied ﬂu —da,

(i) If lim f(x)=1=0, then prove that 3 &> 0 such that %HI <| fEI<d] :
E=bp
where 0<|x=dl<d.

(f) The functions. we, £, ¢ are all  continuous in la, b] and 6
S (x)= f(x)p(xy=0, ¥xela, b]. Show that between any two roots of
J{x)=10"in the interval lies one root of $(x)=0 and conversely,

GROUP-C
3 Answer any fwo questions from the following: 1222 =24
(a) (i) Let (Y, d") be a subspace of a metric space (X, d). Provethataset AcY 6
is open in (¥, d") if and only if 3 an open set G in (X, d) such that
A=GnY.
(i) Leta function f:[a, @) —+ R be twice differentinble on [@2, ®0) and there 3

exist positive real numbers A and B such that | S(x}| =, | f(x)|< B for
all xela, w). Prove that | f'(x)| < 2448, Vxe[a, w).
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(iii) Find the points of discontinuity of the function [ defined by

) ; sin” (nlm
f(x)=lim| lim— ), 7 xR,
noo t=0sin” (nlgx) +1

Let a function [ be continuous on an open bounded interval (@, &)« Then f
admits of a continuous extension to R if and only if f be uniformly
continuous on (a, b).

If f:[a.b]— R be differentiable on [a, b], then prove that the derived
function /* cannot have a jump discontinuity on [a, b].

If 7 is differentiable on [0, 1]. Show by Cauchy’s Mean Value theorem that

(b) (1)

(i1)

() (i)
the equation f(1)— /(0) =~";i—x) has at least.one solution in (0, 1).

Prove that two metrics d; and dy-on a non-empty set X are equivalent if
there exist two positive real numbers a, B such that for all x, ye X,

ad\(x, y) sd,(x, y) < fd,(x, »)-
(d) (i) Find Taylor's series expansion of f(x)=(l+x)", xeR for different values

of m.
(1) State and prove Darboux”s theorem.

(i)
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UNIVERSITY OF NORTH BENGAL
B_Se. Honours 3rd Semester Examination, 2019

CC6o-MATHEMATICS

GROUP THEORY-]
Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate fill marks, \
Candidates should answer in their own words and adhere 1o the word limit as practicable
All symbals are of usual sigaificance.

GROUP-A

1. Answer any four of the following: Ixd =12
() Prove that a non-abelian group of order 10 must havea trivial centre,
(b) Give an example of an infinite abelian subgroup of a non-abelian group.
() Let G be a group in which (ab)’ =a’s’, Ya.beG. Prove that H = [ xeG)
is a normal subgroup of G.
(d) Let A=(1 2 3)(1 4 5), write % In cycle notation.
{e) Prove that there does not exist an onto homomorphism from the group (Z;, +) to
the group (Zs, +).
(f1 Find the number of elements oforder 5 in Zis = Zs.

GROUP-B

2 Answer any four of the following: 6x4 =24

(a) (i) Prove that the set of all distinct Jeft cosets of # in (7 and the set of all distinct 4
right cosets of /f in G have the same cardinality.

(ii) Give an example to show that a semigroup (G,e) in which there is a left 2
identity and right inverse, may not be a group.
(b)Y (i) I #f be a subgroup of a eyclic group G, then the quotient group GfH is 3
eyehe,
(i) Let M be a normal subgroup of a group G, sweh that O(H)=3 and 3
[G:H]=10,If e and O(a) =3, prove that ae # .
4

(c) (i) Show that Klein's 4-group is isomorphie to %z A
(ii) Give an example of u group (G,e) in which (Ma), ()(h) are infinile bul 5
(Naeb) is finite, for a, hel .
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([t Let € bea evelie group of ordet nand s penerated by @ Then prove that. for 4
any posiis e anteger © a0 s also o pencrator U1 e onand F s prime toon
it Show that the contre of a group ZH00) 15 o subgroup of O 2
Wl Prove than the order of exeny subgroup of o finite group G is d divisor of the 4
arder of
bt Nhow that T is not a homomorphic image ol 2
(i Prove that upta isemambism, there are only two groups of order 4. 4
an Let o= el bea group of order p”. p is prime. Show that ¢ contains an 2
clement of order p '
GROUP-C
Answer any twe of the following: P [2x2=24
Ui Let s be a group in which (ab)' =o' . Vabe G, Showthal 3+3
(A) I = {x" x =G} is asubgroup of G
(B 1= 2" xe G} is a subgroup of G, :
- L. % b oxe e 3+
(1) Tind all subgroups of ;. Show that union of any two nontrivial distinet 3

subgroups of 81 is not a subgroup of Sy,

‘i Let Gand Y be two groups and ¢:G — G’ be an onto homomorphism. Let 6
f1 = kerg Then prove that the quotient group G/H = ('

1) Prove that the :.-:l_hu{ mm.s S:[[:] *I'J; HEE} forms a commutative 0
subgroup of I;I[Z,}_l}
iy Let H Ih:j'u"h,l_ﬁgi‘uup ol a group G, Then prove that K = ﬂ gHe ™ s a 4
Nl ;..'hh;mup ol G .
" Fiel

h. ' P ¥ 23 456N 1 2 3 4 5 6 7
2O o |

4 75 2 31 I 4 6 7 3 5 2
: ..ilc' elements of 5
PA)Y Write was o product of disjount ey cles

Hy Wiile fF as a proiduct of 2-0u cley

ks v an cven penmuatation !
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UNIVERSITY OF NORTH BENGAL
B.Sc. Honours 3rd Semester Examination, 2019

CC7-MATHEMATICS
Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicare fuil marks.
Candidates should answer in their awn words and adhere to the word limit as practicable.

Al symbols are of usual significance
GROUP-A
Answer any four questions from the following Ix4=12
‘ -,
1. If f is a non-negative continuous function on [a, 4] and Jf (x)edx =0 Prove that 3
a

Fix)=0 forall xe[a, b].

2 Showthat theintegral (2% dv converges 458 ' 3
verges absolutely by u -test.
JJH:" '

3. Show that the sequence of functions {f},en, where f(x)=x" is uniformly 3
convergent on [0, k], where k<],

4. Find the radius of convergence of the power series > ax"  where 3

mufl
H

a, =§?* n=1,2,3, ... and g, =0.

5. Let f(x, y) be defined over S=[0<x<], 0=<y<l] by 3
1 if x is rational
xr =
St {ay*" if 1 Is irrational
N . . Lo (I
Examiné whether the iterated integrals [d¢ [f(x, y)dy and [dv [ £(x, yyas
0
EXis1L ' n
| m-) -1
6. Prove that S(m, n) = Ii—*érdx (m, n>0). 3
i U+x)
3100 |
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1.

1

GROUP-B
Answer any four questions from the following

Let [a. b] be a closed and bounded interval and f :[a, b]— R be bounded on

[a, 5]. Then show that to each pre-assigned positive & there corresponds a
I - L3

positive & such that U(P, f)< J'f +& for nll partitions P of [a, b) satisfying

Rd BN

=x for=-mecx<0

Ir =
11 {[I for O<x<m

then show that Fourier series corresponding to  f(x) on —# <X<W is

" sinnx
. :

T _Eims{lnv l]x+i (-1

I 7 gl tzn—n: el
i

Show that the Beta function 8(m, n) = Jx""'[l-x}"' dx exists if.0<m, n<l.
0

lLet f: R — R be uniformly continuous on R, For each natural number », let

fox)= fix +-j;]. xeR. Prove that the sequénce {[f,),en, i uniformly
convergent on |

Assuming the  power © series - expansion  for = as
I-x
| 1 5 13 4 135

= s P i awainn
Tos e Al e

Oblain  the power  serics cxpansion  for sin"'x. Deduce that
Ti"i_l‘ ]'] ﬂz-?-—.'.-u:”

23" 245 L2467 2

Lise first Mean Value Theorem to prove that

¥
e J.. d E <X b Wb kT,
¢/ 3 ..Iru--fju—t*:’j 6 I-k*/4

GROUP-C

Answer any fwa questions from the following

IV fag State Kiemann< chesgue lenmmia

by Prove that Ismu pale converges by Dirichlel s test,

1K

li

624 =24
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(¢) If a function f is bounded and integrable in [0, @], @>0 and monotonc in

-5

(0,8), 0<d<a nnd [f(0+)=0 then show that Iim‘]_f(x)[ﬂi';mjdxsﬂ
6

ginx

{assume that I dx is convergent.)
0

X

14.3) Let f,(x)=log(n® +x*), x & R, show that
(i) each f, is differentiable on R
(ii) the sequence { f},en is uniformly convergent on .
(iii) Is the sequence {f,,},en uniformly convergent on 7

(b) State and prove Weierstrass' M-test for the convergence of a sequence of
functions.

15.(a) If a power series Za,,.r" be neither nowhere divergent' nor every where
n=0 ;

convergent, then show that there exists a positive teal number R such that the

series converges absolutely for all x satisfying [x|<R and diverges for all x

satisfying |x|>R .
(b) Give an example of a function / which is Riemann integrable without having a
primitive.

(c) Find the sum of the series i[‘ﬂ' +3")x" , indicating the range of validity.
W=0

16.(a) Find the Fourier Cosine series for the function f defined for 0sx < as
f@=4"0, =f3<x<2xf3
-x/3, 2xf3<xsnr

f(a/3)=x/12, fQ2x)3)=-xr/12

Find the suom of the series for x=x/3 and deduce that

'E_l+l_.I_+L_.I_+ :—L_
s 7 11 13 17 23

4
%

- +
l+x' (+a?)?

(b) Prove that the series x* +——+———+oo is not uniformly convergent on

[0, 1.

3100 i
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