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UNIVERSITY OF NORTH BENGAL

B.Sc. Honours 4th Semester Examination, 2022

CC8-MATHEMATICS
M ULTIVARIATE CALCULUS

Time Allotted: 2 Hours Full Marks: 60
The figures in the margin indicate full marks.
All symbols are of usual significance.
GROUP-A
Answer any four questions from the following 3x4 =12
Xty X #
1. Let f(X, y)=< x-y ’ y 3
0 , X=Y
Show that ( I|rr(1 f (X, y) does not exist.
X,y)—
2. Find the directional derivative of f(x, y)=%*+y*at (1, 1) in the direction of 3
: -1
unit vector = [ j
55
3. If V = f(xyz), prove that xa—vzya—vzza—v. 3
X ay 0z
1 x
4. Evaluate j j xydxdy by changing the order of integration. 3
5. Show that the vector V = (4xy — 2°)i + 2x°] — 3x2%K is irrotational 3
6. By using double integration formula find the area of the ellipse — +§ =1. 3
a’
GROUP-B
Answer any four questions from the following 6x4 =24
7. Let f:D—>R, DcR*and (a,b)e D. Let one of the partial derivatives f, and 6
f, exists and the other is continuous &t (a, b). Prove that f is differentiable
a (a,b).
8. If u=logr and r?=x*+y?+ 7%, prove that 6
,(9°u 9°u 9d%
r + + =
x> oy* o7
6

X2 y dy ij—ydx

1 1
9. Prove that j dx I
0 L (X +y%)?

(x
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10.

11.

12.

13.(a)

(b)

14.(a)

(b)

15.(a)

(b)

16.(3)

(b)

4074

State Stoke' stheorem. Verify Stoke' s theorem for

A= (2x-y)i - 2] - y?zK,
where the surface Sis the upper half surface of the sphere x*+y*+2z°=1 and C
isits boundary.
Evaluate j I 1-x-y) *x™y""dxdy taken over the interior of the triangle
formed by thelines x=0, y=0; x+ y=1; where |, m, n being all positive.
Define a conservative vector field. Prove that a vector field F is conservative
over aregion, if and only if i§|5 -dr be zero along any closed curve in the region.

GROUP-C
Answer any two questions from the following

Show that j I{ 2a% —2a(x+ y)— (x* + y*)} dxdy =87a’, the region of.integration

being the circle x* + y* + 2a(x+ y) = 2a°.
Let f be adifferentiable function of two independent variablesu, v and u, v be

differentiable functions of one independent variable x. Prove that f is a

differentiable function of x and dr = o du + J ﬂ

dx ou dx ov dx’

y 1 X
x? tan! tan" =, xyz0
Let f(x, y)= Syt
O , xXy=0
Show that f, (0, 0) = f,,(0,0).
Ja%h? — b2 — a2y?
Evaluate ” dxdy. the field of integration being R, the

2 yaZ? +b?x% + &> y
' _1,

positive quadrant of the ellipse a_ + P

Use Divergence theorem to evaluate J‘J' F-dS where Sis the surface enclosing
S

the cylinder X2+ y*=4, z=0, z=3 and E =4xi - 2y?] + 2’k .
Apply Green'’ s theorem in the plane to evaluate

§{(y—sin X) dx + cos x dy}
C

where C isthe triangle enclosed by the lines y=0, x=r, y:%.

Prove that the necessary and sufficient condition that the vector field defined by
the vector point function F with continuous derivatives be conservative is that
curl F=VxF =0.

Use Stoke' s theorem to prove that

(i) curl grad ¢ =0, where ¢ isascalar function.

(i) div curl F =0, where F isavector field.

X

1+5=6

12x2 =24

2+4=6
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CCO9-MATHEMATICS

RING THEORY AND LINEAR ALGEBRA-|

Time Allotted: 2 Hours Full Marks: 60

The figures in the margin indicate full marks.
All symbols are of usual significance.

GROUP-A
Answer any four questions from the following 3x4 =12
1. Find a basis and dimension of the subspace W of R®, where W ={(x, y, z) € R*: 3
X+y+2z=0}.
2. Let R be a finite ring with n elements and S be a subring of R containing m 3

elements. Prove that mis adivisor of n.

3. Consider the ring ZxZ under component-wise addition and multiplication. Show 3
that the set S={(a, 0): aeZ} isa subring of ZXZ having unity different from
that of ZxZ.
4. Prove that the set S={(1,0,1), (0,1 1), (1, 1, 0)} isabasisof R>. 3
3. Let D be an integral domain and a,be D. If a°=b° and a°® =b®, then prove 3
that a="D.
6. Isthe ring 2Z isomorphic to the ring 5Z ? — Justify. 3
GROUP-B
Answer any four questions from the following 6x4 =24
7. (d) Determine k, so that the st S={(k,1 1), 4 k, D, (4, 1 k)} is linearly 3
independent in R®,
(b) If Tislinear, then kerT ={6} iff T isinjective. 3
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8. (@) Let T be a linear mapping on the real vector space P, defined by, 3
T(p(x)):xdi(p(x)), p(x)e P,. Determine the matrix of T relative to the
X

standard basis of P,.

(b) Find the dimension of the subspace Sof R defined by, 3
S={(x,y,2)eR®: x+2y=2z 2x+3z=V}

0. Let Rand R betworingsand ¢: R— R be an onto homomorphism. If | isan 4+2
ideal of R, show that ¢(1) isalso anideal of R'. Will this statement till be true
if ¢ isany arbitrary homomorphism from R to R'?

10. Let U and W be two subspaces of a finite dimensional vector space V. Show 6
that dimU +W) =dimU) + dim(W) —dimU nW).

11. Prove that afinite integral domain isafield. 6

12.(a) Let R={a+by3: a,bez}, 3
S={2a+2bJ3: a,beZ} and
T ={4a+2bVJ3: a,beZ}
Show that T isanideal of S but not an ideal of R.

(b) Find the unitsin the integral domain Z [i]. 3
GROUP-C

Answer any two questions from the following 12x2 =24

13.(a) Provethat thering (Z,, +, - ) isan integral domain iff nisaprime. 4

(b) Find dimU NV), where U and VV are subspaces of R? given by 4

U={0q %, X5, X;)€R" X +X,+ X3+ %, =0},
V={(X, X\ X5, Xg) € R 2% + %, — X3+ X, =0}

(c) Let Rbe aring with unity and the left ideals of R are only the null ideal and R 4
itself. Show that R is a skew field.
14.(a) Extendtheset {(1, 1, 1, 1), (1 -1 1,-1)} to abasisof R 4
(b) Give an example of a subring which isnot an ideal.
(c) The matrix of a linear transformation T : R® — R? relative to the ordered bases 6
. (1 2 4
{(0,11, (10,1, (410} of R®and {(1 0), @ D} of R* is (2 L OJ-

Find the matrix of T relative to the ordered bases {(1, 1, 0), (1, 0, 1), (0, 1, 1)}
of R®and {(1, 1), (0, 1)} of R%

4075 2
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15.(@) Doesthere exist an epimorphism from the ring Z,4 onto the ring Z;?

(b) Let | be anideal of aring R. Prove that if R is a commutative ring with unity,
then so is R/I . If R has no divisor of zero, is the same necessarily true for R/ .

(o) Let a, B, 7 be three vectors in a vector space V, so that ¢+ B+ y=6. Show
that L{e, B}) =L{ B, 1) =L{r. a})

16.(a) Find a basis and determine the dimension of the set of all 2x2 real skew
Ssymmetric matrices.

(b) Show that therings R and C are not isomorphic.
(c) Let R be the ring of all real valued continuous functions on [0,1]. A mapping
¢:R—>R is defined by ¢(f):f(%) Vfe R. Show that ¢ is an onto

homomorphism. Determine ker ¢. Provethat R/ker¢ =~ R.

X

4075 3
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CC10-MATHEMATICS
METRIC SPACESAND COMPLEX THEORY

Time Allotted: 2 Hours Full Marks: 60
The figures in the margin indicate full marks.
All symbols are of usual significance.
GROUP-A
1 Answer any four questions from the following: 3x4 =12
(a) Provethat in any metric space (X, d) every closed sphere is aclosed set. 3
(b) Show that f(z)=|z|* isnowhere differentiable except z=0. 3
(©) Suppose X is a metric space and {x.} is a convergent sequence in X with limit 3
o . Show that the subset {x,,: ne N} u{a} of Xisecompact.
2 —
(d) Find the value of j 22 4 dz,whereC: |z-i|=2. 3
cZ°+4
(e) Provethat thereal line R is not compact. 3
27 if n=-1
(f) Showthat |(z-2z,)"dz= \ , 3
i( %) 0 ,if nz-1
where C is the circle with centre z, and radius r >0 traversed in the anti-
clockwise direction.
GROUP-B
2. Answer any four questions from the following: 6x4=24
(&) Provethat a compact metric space is complete. |s the converse true? Justify your 442=06
answer.
(b) Provethat the function 6
3 Y 31
£(2) :x(1+|3 y2(1 ) | 20
X“+y
= 0 , z=0
is continuous and that CR equations are satisfied at the origin but f’(0) does not
exist.
(c) (i) Show that if two connected sets are not separated, then their union is 442 =6

connected.
(i) Show that every totally bounded metric space is bounded.
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(d) (i) Evaluate j%dz using Cauchy’ s integral formula, where C: | z|= 2. 3+3=6
s Zz°+)
2
i) Expand ————— intheregion | z|> 3.
(i) Bxp (z+2)(z+93) egion | z|>

(€) (i) Prove that every non-congtant polynomial p(z)=a,+az+---+az", hasa  4+2=6
least one-zero in C. Where a;, j=0,1,2,---,n are complex constants and

a,#0.
z
(D) Evaluatej 5 dz,where C: | z|=4.
cZ°-2z
(f) Let (X,d) and (Y, d") betwo metric spaces. Show that afunction f : X —=Y is 6

continuous iff for any xe X and for all sequence {x.} convergesto x in (X, d),
the sequence { f (x,)} convergesto f(x) in (Y,d’).

GROUP-C

3. Answer any two questions from the following: 12x2 =24
(@ (i) If f(2) isdifferentiable in aregion G and | f (2)] is constant in G, then 3+6+3 =12
show that f(z) isconstant in G.
(i)  State and prove Cauchy’s integral formula for disk.
(iii) Provethat every compact metric space is separable.

(b) (i) If f(2) isananalytic function of z, show that 3+6+3 =12
82 aZ 2 ’ 2
—+—= [|Ref(2)|"=2| (2
(axz aszl =212

(i)  Provethat every compact metric space is complete and totally bounded.

(i) Let A be a subset of a metric space (X,d) and A=¢. Define

d(x, A)=inf{d(x,a): a€ A}, xe X. Show that the map f: X - R
defined by f(x)=d(x, A) isuniformly continuous over X.

(c) () Prove tha a necessary and sufficient condition that a function 4+4+4 =12
f(2=u(x, y)+iv(x, y) tendto | =a+if as z=x+iy tendto z,=a+ib
isthat lim u(x,y)=aand |lim v(x, y)=2.

(X, y)—(a,b) (x,y)—(ab)
(if)y. Prove that if an entire function f is bounded for all values of z Then f is
constant.

(iii) Let f bean entire function with f(0)=1, f(1)=2 and f’(0)=0. If there
exists M >0 suchthat | f7(2) |[<M foral ze C, thenfind f(2).

(d) (i) Show that thereal line (R, d) is connected, when d is the usual metric. 6+6 =12

(i)  Show that a metric space is compact iff every collection of closed setsin X
having finite intersection property has non-empty intersection.

X

4076 2
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DSC1/2/3-P4-M ATHEMATICS

D. E. AND VECTOR CALCULUS

Time Allotted: 2 Hours Full Marks: 60
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The figuresin the margin indicate full marks.
All symbols are of usual significance.

GROUP-A / [onl-% | Tg-%

Answer any four questions 3x4 =12
-3 biAf6 2ted Ted wie
Pl IR TTAEHD] IR oI

Show that the solutions of the differential equation y” -2y + 2y =0 are linearly
independent.

A8 @ Y — 2y + 2y = 0 T7Fe AP0 I« linearly independent.
fowes (Differential) @RI Y — 2y +2y=0 &I FHREES Y@ HUHI
(linearly) Sd= ® ¥+l YA TR |

Find the particular integral of the differential equation y”+ y =sin2x.

Particular Integral-@ 3.y + y = Sin 2X -S[&e HAF0F e |

foves AfMERT Y+ y=sin2x &I fa9IY integral i TR |

Find the Wronskian of the set {1, x, x?, X3, x*}.
{1 %, x2, X%, x*} -G53 Wronskian e 21
Set {1, x, X%, X3, x*} &I Wronskian o1 TR |

2

2
Find the order and degree of the differential equation (%j +9 n[y%} =0.

(Z)Z(Zj + sin[y%j = 0 -SFe AN @ (order) @ S (degree) 4 T4

foves Affasor (3—3} +sin[y%j:0 B wH fa f& i1 )|

1 Turn Over
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5. If &, 3, 7 arelinearly independent, then show that &+ 3, B+ 7, 7+ aredso
linearly independent.

T @, 5, 7 linearly independent =3, ©Ize (1€ g+ S, f+7, 7+a-9 linearly
independent 2(J |

=0, S@@AS @, V- (AxB) =0 Z@!
B=0 w9 WV TR V- (Ax

GROUP-B / Ret-4 / wg-1
Answer any four questions 6%4 =24
@-F D1FG 2Ted Ted wis

Pl IR TTAEHD] IR I

7. Solve the following system of linear differential equation using operator D Edi' 6
X

%+ﬂ+2x+y 0 ; ﬂ+5x+3y=O
dat dt dt

T2 e ANFACE (S TR 4, Dsdiwmﬁ‘mwmu

X

%+dy+2x+y:0 ; ﬂ+5x+3y=0
dat dt dt

o feguaT faves AffeRoTdT JoTel!
o dy+2x+y o ; ﬂ+5x+3y:0
dt dt dt

BT FHEE A0 IR | (3roReR DE% TIRT TR |)

8. Solve by the method of undetermined coefficients 6
(D*+6D+9)y=24e**, where D= %
Method of undetermined coefficient-«< ARG AL <8
(D*+6D+9)y=24e* , @A D z%
Undetermined coefficients fafer amT TR F9RE TR -
(D?*+6D +9)y = 24e™> z%

4078 2
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9. Solve the differential equation by the method of variation of parameters 6
d’y 2
— + 4y =4sec” 2X
dx® y
d’y

Method of variation of parameter-a3 ARG AL F<; v + 4y = 4sec® 2x
X

2
variation of parameters fafSr gRT faves affaxo %+4y:4se022x Eal
X

FAE TR |
10.  Solve: / AN F¢ [ FAETT TR 6
X 2)2(32/ + 3x% +2y = cos(logx)
11.(a) Provethat Ax (BxC)+ Bx(Cx A)+Cx (AxB)=0. 3

24 39 @, Ax (BxC)+Bx(CxA)+Cx(AxB)=0.
7T TR © Ax(BxC)+ Bx(Cx A)+Cx(AxB)=0.
(b) Suppose A= j+2k, B=i+2]+3k.Find (A+ B)x(A=B). 3
1@ A=]+2k, B=1+2]+3K, 9 (A+ B)x (A= B)-aq I e 521
gfe A=]+2k, B=i+2]+3k 9, (A+B)x(A—-B) &I o= fofy TR |

12, |f the position vectors of A, B, C are 2i+4] -k, 4 +5]+k, 3 +6]—3k 6
respectively, find avector perpendicular to the plane ABC.
A, B € C-99 position vector IUFE 2 +4]—K, 4 +5]+Kk € 3 +6] -3k,
©2Cs1 ABC- S(+T4 1% (937 g 411
gfe A, B, C Yaexewd! position vector Hi Wieh 2 +4]—K , 4 +5] +K ,
3 +6] -3k WU G&TeT (plane) ABC 1 ead ddexa! fofy R |

GROUP-C / feial-at / -

Answer any two questions 12x2 =24
Q- 715 tsid Ted wis
Bl 8 UTIEHD] IR I

13.(a). Solve xzz—g—x(x+ 2)%+(x+ 2)y=x>, given that y=x, y=xe* are two
linear independent solutions of that corresponding homogeneous equation.
T FR3 xzz—;—x(x+2)%+(x+2)y:x3, weR R y=x, y=xe g
linear independent i<W homogeneous FaN=elb3 |

2
XZ%—X(X+2)%+(X+2)y:x3 B T TR | fRsTdT B, y=x, y=xe*

IdH Gﬁa5QU$ Wq homogeneous Hﬁ%?”aﬁ RYTY  WUH] ‘i‘CICI"';I\ICI
JEEES 87 |

4078 3 Turn Over
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(b)

14.(a)

(b)

15.(a)

4078

Find the general solutions of the differential equation.

3
24 ¥+2x2d y+2y 10(x+ x1)
dx X2

3
Aize TN (general solution) e sas %3 3 ¥+ 2x2 (; Y oy =10(x+x7Y)
X X

faves  Afero x33y+2x23y+2y 10(x+x') @ | (general)
x>

BEICIEREURIEICY

Show that linearly independent solutions of y'—2y +2y=0 are e‘sinx and
e“cosx. What is the general solution? Find the solution y(x) with the conditions
y(0)=2, y(0)=~

A8 @, Y -2y +2y=0 SRS AP 90 linearly independent solution
TAGFE ¥ sinx 8 e cosx | TFeIBa el T & 9 y(0)=2 € y/(0)=-—
(S SRS AP TN y(x) el 11

Y =2y +2y=0 &I Y& WUAT W THARMES  e‘sinx. 31 e*cosx Bl
AT HIVT TR | I AR GHRE 6 g ? I y(0)=2, y(0)=-3 Hdiee
gy y(x) @ AR Aol TR

Show that if 'y, and y, be solutions of the equation %+ Py=Q, where P and
X
e .

Q are functions of x alone and y, =v,z, then z=1+ae ** (a is an arbitrary
constant).

RIERYAR: yz‘tﬁ%mﬂﬁ@%+Py:QWW‘ﬁ?, @A P € Q ®Y x-93

X
- gdx

TP, GR AW y, = v, 2-2, O@ &N F @ z=1+ae I, (a-a=f wfvfE &a) |
af y, o1+ yz?Tﬁ’ch_@T%+Py:Q P FARME 8% 1Y, oiel P 31 Q x

@I 9Y function |y AT y, =y,z ¥,

de
z# 1+aeI I T TR | (a TSl 79T ReR arbitrary constant &1 )

Solve by the method of differentiation

dx dy

—=7X- : —— =2X+5

dt y dt y
Method of differentiation-4a5 i<l T4 F<:

dx dy

—=T7X- ; — =2X+5

dt y dt y
Differentiation fafer & wHq=I= TR

dx dy

— =X~ : —— =2X+5

dt y dt y
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(b) Show that div(AxB) = B-curl A— A-curl B.
8 @, div(AxB) = B-curl A— A-curl B

HvT TR ¢ div(AxB) = B-curl A— A-curl B

16.(8) Evaluate: lirg[s?t felo ;:OSt i+ e“lz}

e foefa e Iim[sj:t i+ 1_?05t i+ e“lz}

t—0

Iim[smtf+1_f[:OSt jA+e“I2} &1 71 fofa R

t-0| t

(b) Find the co-ordinates of the point where the line 7 =ti + (1+ 2t) ] — 3tk.intersects
the plane 3x—y-z=2.

F=ti + (1+2t) ] — 3tk -@ 3x— y— z=2 Oa1 @ Lo S e, ©F BAE
foefg =21

W F=ti+(1+2t)] -3tk @ WS 3X—y-z=2 g UlreoeT (intersect)
TS ¥4 @H fag@! co-ordinates ORI TR |

(C) Showthat 4—3b+5¢, a—2b+3¢, —2&+30~4¢ vectors are coplanar.
wdle @ a-3b+5C, 4—20+3C € — 28+ 30 ~4¢ (SFAe Froa
AFex 8% a-30+5C, 4-2b+38, — 24+ 3 —4¢ coplanar © W YA TR |

4078 5



