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UNIVERSITY OF NORTH BENGAL
B.Sc. Honours 5th Semester Examination, 2021

DSE-P2-M ATHEMATICS

Time Allotted: 2 Hours

1.

2.

3.

The figuresin the margin indicate full marks.
All symbols are of usual significance.

Full Marks: 60

The question paper contains DSE2A and DSE2B. Candidatesarerequired
to answer any one from the two DSE2 cour ses and they should mention it

clearly on the Answer Book.

DSE2A
NUMBER THEORY
GROUP-A
Answer any four questions from the following: 3x4 =12
(@) Use Euclidean Algorithm to obtan integrs x and y, such that 3
gcd (119, 272) =119x+ 272y .
(b) Provethat, 7|@11% +3331). 3
(c) Determine whether the following quadratic congruence has a solution or not: 3
x? =2 (mod 71)
(d) Solve 34x =60 (mod 98). 3
(e) Show that a?* = a (mod 15) for dl ac Z. 3
(f) If p, isthen™ prime, provethat p, <27 . 3
GROUP-B
Answer any four questions from the following 6x4 =24
Prove that the Diophantine Equation x* + y* = z? has no solution in integers. 6
A certain integer between 1 and 1200 leaves the reminder 1, 2, 6 when divided by 9, 6
11, 13 respectively. What isthe integer?
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4. For n> 2 prove that there exists a prime p such that n< p<n!. If p, bethen” prime 3+3
number, show that i+i+ ...... +i is ot an integer.
b B, P,
5. Find all the positive integral solutions of the following Diophantine equation: 6
142x+ 20y =1000
6. Show that the equation 6x° +5x+1= 0 has no solution in integers but for every prime 6
p the equation 6x°+5x+1= 0 (mod p) has a solution.
7. (8) Evaluatethe Legendre symbol (3658/12703). 3
(b) show that 5% = 4 (mod 11). 3
GROUP-C
Answer any two questions from the following 12x2 =24
8. Prove that there are infinitely many prime numbers and among these infinitely many 6+6
are of the form (4k —1) for some k e Z. Show that for aprime p and n> 2 the terms of
the A.P. p, p+d, p+2d, ... , p+(n=1d will be primes if the common difference
disdivisible by every prime g<n.
0. a, f+#0 are two Gaussian integers prove that there exist integers i, p € Z[i] such 8+4
that = uf+ p,with | p|<|f]. Show that « and p are not unique.
10.  Show that all solutions of the Pythagorean equation x?+y? =2z satisfying 6+6
ged(x, y, 2) =1, 2|X, X, y, z>0 are given by x=2st, y=s*—t?, z=s?+1? where
s,te Z with s>t ged(s,t)=1 and st (mod 2) . Show that the radius of the
incircle of a Pythagorean triangle is always an integer.
11.(a) Prove that no prime p of the form 4k + 3 is a sum of two sgquares. 3
(b) Prove that an odd prime p is expressible as a sum of two square if and only if 9
p=1(mod 4).
DSE2B
MECHANICS
GROUP-A
1 Answer any four questions from the following: 3x4 =12
(8 If the resistance per unit mass is g(%)z, prove that %:_—zgu , z_'/;:%cos%//,
% u

where u isthe horizontal component of velocity.

5093 2



UG/CBCSB.Sc./Hons./5th Sem./M athematics/M ATHDSE2/2021

(b) A hemisphere rests in equilibrium on a sphere of equal radius. Show that the

equilibrium is unstable when the curved surface of the hemisphere rests on the sphere.

(c) The lengths AB and AD of the sides of arectangle ABCD are 2a and 2b, show that the

inclination to AB of one of the principal axesat A is ltan‘li :
2 2(a® -b?)

(d) The velocities of a particle along and perpendicular to the radius vector from a fixed

originare Ar? and x6?. Show that thepathis%:%+c.
r

(e) Prove that the resultant turn about the astatic centre through the same angle.
(f) Write down the Kepler’s laws of planetary motion.

5093

GROUP-B
Answer any four questions from the following 6x4 =24
A uniform rod of length 2a and weight W rests on a rough horizontal plane (coefficient 6

of friction A), its weight being uniformly distributed along its length. If the rod is just
about to move under the action of force P applied perpendicular to the rod a a distance
a AW

¢ from the centre, show that =
Ja?+c?-¢ P

Prove that any system of forces acting on arigid body can be reduced to a single force 6
and a couple whose axis lies along the line of action of the force.

4
A particle moves with a central acceleration ;{r +C—3j , being projected from an apse
r

(o]

at adistance c with avelocity 2\/u ¢, prove that its path is r2(2+ cos+/3¢) = 3¢2.

A particle moves freely in a parabolic path given by y? = 4ax under a force which is 6
always perpendicular to its axis. Find the law of force.

An attracting force, varying as the distance, acts on a particle initially at rest a a 6
distance a. Show that if V be the velocity when the particle is at adistance x and V’ be
the velocity of the same particle when the resistance of air is taken into account, then

V’:V[l—%k(za“)(a_x)] nearly, the resistance of the air being given to be
a+ x

k times the square of the velocity per unit mass, wherek is very small.

A uniform square plane ABCD of mass M and side 2a lies on a smooth horizontal 6
plane. It is struck at A by a particle of mass M’ moving with velocity in the direction
AB, the particle remaining attached to the plate. Determine the subsequent motion of

M’ 3V

the system and show that its angular velocity is —— =—.
M +4M 2a
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GROUP-C
Answer any two questions from the following

8. (a) A particle is projected with velocity V along a smooth horizontal plane in a medium
whose resistance per unit mass is u times the cube of the velocity. Show that the

distance it describesintimet is iv[(w/1+ 2uiV?t)-1].
U

(b) If « be the angular velocity of a planet a the nearest of the major axis, prove that its

T 4 1+e
periodis —=_|{-—— .
0] {(1— €) }

(c) A particle subject to a central force per unit mass equal to 1{2(a® +b?)u?—3ab’u’}

Ji

is projected at a distance a with a velocity o in a direction of right angle to the

distance; show that the path is the curve r? = a? cos® 8 + b?sin? 6.

9. (a) A rocket isfired from the earth surface with speed V at an angle o to the radius through
the point of projection. Show that the rocket’s subsequent greatest distance from the
earth’s centre isthe larger root of the quadratic equation,

(v?-2EM) 24 26Mr - RV 2sin? =0

If V? <2%M , where R is the radius and M be the mass of the earth and G is the

gravitational constant. Deduce that the escape velocity is independent of «.

(b) Forces P, Q, R act aong any three mutually perpendicular generators of the same
system of the surface x*+ y? = 2(z* +a?), the positive direction of the forces being
towards the same side of the plane xy. Prove that the pitch of the equivalent wrench

(PQ+QR+RP)

P2+Q*+R*

is 2a

10.(8) Two equal forces act along each of the straight lines X+§COS‘9 = y_—bsmezz;
asiné Fbcosé c

show that their central axis must, for al values of 6 lie on the surface

[x zj [a cj
y|=+—|=b| =+—1|.
z X c a

(b) Write down the eguation of motion of a particle moving in a central orbit under a
central force F and deduce the differential equation of the orbit in the form
2
%%z F , where the symbols have the usual meaning.

(c) Show that the equilibrium is stable or unstable according as % 2i + L . Where

P1 P2
o is the angle between the common normal and the vertical at the point of contact, h is
the height of c.g. from the point of contact and p1, o, are the radii of curvatures at the
point of contact.

5093 4
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11.(a) Find the equation of the central axis of a given system of forces.

(b) An artificial satellite is circling round the earth a height of 700 km from the surface.
Calculate the horizontal velocity of the satellite.

(Radius of earth = 6300 km, g = 981 cnV/s?).

(c) AB is a uniform rod of length 6a and weight W which can turn freely about a fixed
point in its length distance 2a from A, AC and BC are light strings of length 5a attached
to a partial C of weight W’. Show that if W is less than 2W’, there will be stable

equilibrium with AB inclined to the horizontal at an angle tan‘l[W W j :

’
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SEC2-P1-M ATHEMATICS

Time Allotted: 2 Hours Full Marks: 60

The figuresin the margin indicate full marks.
All symbols are of usual significance.

The question paper contains SEC2A and SEC2B. Candidatesare
required to answer any one from the two Cour ses and
they should mention it clearly on the Answer Book.

SEC2A
Probability and Statistics

GROUP-A |/ [Teis-=

Answer any four questions from the following 3x4 =12
Ffeies @-@FF 576 emE Tea wie
1. (@) Let Aand B betwo events. Then provethat P(A+ B) = P(A) + P(B) — P(AB). 3
Q-G 95 961 A € B -3 &) &9l 7 P(A+ B) = P(A) + P(B) — P(AB) |
(b) Provethat the following properties: 1141
Ao et @i Fe 22

(i) P(A+B)=1-P(AB)
(i) P(AB)=1-P(A) + P(B)+ P(AB)

(c) Find the value of k for which 2+1
kx(1-x) ; O<x<1
=) 0T Oxe
0 ; otherwise

is a probability density function. Also find the value of P(X > %) :

&P k-a7 W (@9 T4 T G
kx(1-x) ; O<x<1
f(x):{ (1-X) < X<
0 , g
G5 I T S | GUFCT P(X > 5) @ 5 Foefe <o
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(d) If the regression lines are x+6y=6 and 3x+2y=10, find the mean and the 3
correlation coefficient.

freae @A 4o x+ 6y =6, 3x+ 2y =10 2 oef @ 72ofS 7=ag e 341

(€) Find the mean of binomial (4, 711) variate. 3
e (4, 3) Forecem org foefar <em
(f) Provethat [E(XY)]?<E(X?)E(Y?). 3

2=ie 39 [E(XY)]?<E(X?)E(Y?) |

GROUP-B / faetat-2

Answer any four questions from the following 6x4 =24

e @-FW 5175 eeia Sea wie

2. (@) Provethat P(A + A + .....+ A)) < P(A)+ P(A) + ...+ P(A).
AT P(A+ A + ... +A) < P(A)+P(A)+ ...... +P(A) !

(b) Find the minimum number of times a die has to be thrown such that the probability
of no six islessthan 1/2.

PO FOIH @6 = (RO T B A AN TS 12 -4 (5T F 2
(c) Thedistribution function F(x) of avariate X is defined as follows:
A —eo<x<-1
B ; -1<x<0
C; 0sx<2
D ; 2<X<e

F(x)=

where A, B, C, D are constant. Determine the value of A, B, C, D, it being given
that P(X :0):% and P(X >1)=2.
@0 TN SoPFF F (X) -93 Rl 261

A —e<Xx<-1

B ; -1<x<0

C,; 0<x<2

D ; 2<X<e

@4 A, B, C, D &1 A, B, C, D-7 31 foefy &9 oft &l 9ice 1 P(X =0)= 1,

F(x)=

P(X >1) =2, GG X B1oicara faceeid o F(X) |

(d) If X is Poisson distributed with parameter 1, then prove that
T X AR g2 -5o7 2, O 2o 1

P(X < n):%je‘X X" dx
u
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where n isany positive integer.
@A N @ oIS 5Jef SR 27|
() The joint density function of X and Y is given by 2+2+2=6
f(x, y)=Kxy (O<x<1l, O<y<Xx)
Find the value of K. Also find the marginal density functions.
FIF K97 I« e 39 99 &)

f(x, y)=Kxy (O<x<1l, O<y<Xx)
GG TSR] & aF T SoiFe | elifes g qeermpale e w9
(f) () Let Aand B betwo events such that P(A):%, P(B/A):% and P(A/B):%. 4+2

Find P(A/B) and P(A/B)+P(A/B).
g A 4% B g6 51 @iceT P(A):%, P(B/A):% GR P(A/B):% | OTRCE
P(A/B) @« P(A/B)+ P(A/B)-93 3= fafa 41

(if) Find the median for the Poisson distribution having mean 2.
Ff* Poisson distribution-93 mean 2 23 ©12(# 3217 median {6 faed 311

GROUP-C / feial-4t

Answer any two questions from the following 12x2=24
faferiie - 7f6 et e wie
3. (8) Show that acute angle @ between the least square regression lines is given by 6+3+3
2
tang=1"L". 9x%

2 2
p oyx+o,

and discussthecase p=0 and p = £1.

ralte (@ #fw 3of freael sl 7foa S P @ =&

0y Oy

2
tan49::L P_. 5 5
p oy +oy

p=0dR p=+1 7 493 N 8 ORI F 2
(b) (i) Stateand provethe Tchebycheff’sinequality. (2+4)+6
ORI SRSl P 61 @ ef¥ie 31|
(i) Thedistribution of arandom variable X is given by

P(X =-1) = P(X :1):% . P(X :0):%

Verify Tchebycheff’s inequality for this distribution.
@ oz vere X-a31 fcmice

P(X=-)=P(X=1)=% , P(X=0=3
93 I Ty ofReIters STt TI51IR 41
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(c) (i) Stateand prove Bayes theorem.

(i)

(d) (i)

1.

(i)

e T2l fo1ge @ Fefal )

There are three identical urns containing white and black balls. The first urn
contains 2 white and 3 black balls, the second urn 3 white and 5 black balls,
and the third urn 5 white and 2 black balls. An urn is chosen at random, and a
ball is drawn from it. If the ball drawn is white, what is the probability that the
second urn is chosen?

oo W 2Aieg AW 8 FIcaA I =R @ewies B Am 8 ot FieE, TS
oft st ¢ > FIE @k vorre B W ¢ 3 T 79 Wiz @I g
TRl dioa T4l 26 @R O (T @S 91 Biel 2e71 @ AWt 28R TSR
F© 9 T FE% Wl 2, O oo #1afl foio Fai9 TeRe F%© 9

Probability density function of arandom variable X be

1 x40
—4e if x>0
f(x)=440
0 otherwise
Find the values of P(X <15), P(40< X £50) , P(X >10), P(—~< X <0).

36 5FF X-F AGI! qolg S(21FF 26T

1 v
—a if x=0
f(x):{40
0 S o)
& R DA TR
P(X <15), P(40< X <50), P(X >10), P(—s < X <0)

If Xbea f3,(I, m) variate then show that Y :% isa f,(m, ) variate

T X a=f B,(1, m) W@,WY:% a3 B,(m, |) 5o

SEC2B
Differential Geometry

GROUP-A |/ Teis-=

Answer any four questions from the following:
efIie - 51Efs e Tes niss

(@) For thecurve r =[3u, 3u?, 2u®], show that % :%: %(1+ 2u?)?
r =[3u, 3u?, 2u°] 92 JEFF G TS @ %:%:%(H 2u%)?

(b) Show that for a circular helix, the principal normal is perpendicular to the
generators of the cylinder.

@b JeFR helix-99 &) M€ @, @i SfeeTRG GIed generators WE T o7

5094

{{|

(2+4)+6

(2+2+2
+2)+4

3x4=12



UG/CBCSB.Sc./Programme/5th Sem./M athematicss M ATHPSEC5/2021

(©

(d)

(€)

(f)

(@

(b)

(©)

(d)

5094

Show that the surface e’ cosx = cosy is minimal.
24 T (@ e CoSX = COSY 7[PeFn (e 2|
Find the envelope of the family of planes 3xa® —3ay + z=a>.

3xa’ — 3ay + z = a° TACNHA envelope (44T 741

| - |2 _SZ

For agivencurve r =r(u), show that x = , Sisaparameter (- = du

SZ

r=r(u) (u 93 PRARCR) I@0a G @de @, K_—vlrlz—s @A s @36
oiifitme v =d) |

$
~du

Find t, A for the curve r = (acosu, bsinu, 0).

frsfiRe aees oo ~nfe ¢ wfeers (£, A ) o3 W el e

r =(acosu, bsinu, 0)

GROUP-B / faetat-2

Answer any four questions from the following: 6x4 = 24
oo @-F 51l eltas T wies
Prove that the asymptotic lines are orthogonal if and only if the surface is minimal. 3+3

Find the asymptotic lines on the surface z=ysinx.

owld 9 @, SN @SR (asymptotic lines) AR (orthogonal) 2@ IM @3k
FITG T ZPoa(t ITH | z= ysin x PO &7 SN @tesfe e 1

Find the arc length of the curve x=3cosh2t, y=3sinh2t, z=6t from t=0 3+3
tot=rx

Find the parametric representation of x° + y®+3xy =0.

x=3cosh2t, y=3sinh2t, z=6t (& t=0 @AF t=7x *S JAF B ™G
(arc length) faefa =1 x3+y3+3xy:0aavmamm@mmﬁcﬁw

Show that the radius of spherical curvature of a circular helix x=acosé , 3+3
y=asing, z=aécote isequal to theradius of circular curvature.
txt”

KT

@48 @, @3 JeFE helix x=acosd, y=asing, z=adcota -93 EAFR
txt”

KT

If Risthe radius of the spherical curvature, show that R=

TSR JPIE, ISP IFoR AR T &=t F9 R= , @I R OIRR

Aol AP fHfzse @)
Find the involutes and evolutes of the curves r =[acosu, asinu, autan«a]. 3+3

r =[acosu, asinu, autana] 3CFF involutes 9 evolutes faf 41
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(6) For any curve r=r(s) , prove that r”=-x?{+xfi+xrb . Hence show that

b r:>< r: |
[r'xr”|
r=r(s) < I¢I &9 F0 @, r”=—«x{+xh+xrh @A -7 Edi aR
S
o T, b=
[r'<r”|
(f) Find the parametric direction and angle between parametric curves.
AICTES IR TG0 NATES e a3k @il e T
GROUP-C / faetal-af
3. Answer any two questions from the following:
fafeiie @-cei 7f6 elvas Tee wies
(@ (i) Show that the curve r =r(s) is asymptotic line if and only if %-%—N:O,
S ds
where N is surface normal. Write the necessary and sufficient condition for a
curve to be a geodesic.
A8 @ 1 =r(s) I AW @2 TR IM IR (@FRENG %-%—Nzom, @S N
S ds
oo S | O3 (b I, geodesic AT AT 6 2 *1S e 11
(i) Find the necessary and sufficient condition for a surface z= f(x, y) to
represent a developable surface. Prove that the surface xy=(z—c)? is
developable.
a3 7 z= f(x, y), @& developable 7P A A@EAR @ 2@ =1 efy 741
281 9 @, xy = (z—c)? #»% developable |
(b) (i) Define first fundamental form. Prove that the first fundamental form is

5094

(i)

invariant under atransformation of parameters.

2w N 9163 (first fundamental form) Sk wie | e Nid 4 @, &N (Hferd

91010, PAINGIER TSR S SO |

If (I, m) and (1", n) arethe direction coefficients of two directions at a point
H(m —ml"

EllY+ F(In+ml’) +Gmn’

P, then show that tan@ =

Define normal curvature.

I @36 W P @3 o= (I, m) @ (I, m) 96 s (direction) s s12si
H(Im —ml’)

Ell’+ F(m + ml”) + Gmm'

(direction coefficients) 23, ©OI(& (wAe (A, tan @ =
e @Ol (normal curvature) IR wiS |

3+3

3+3

12x2=24

(4+2)+
(4+2)

(1+5)+
(5+1)
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(c) (i) Define osculating plane, rectifying plane. Find the osculating plane at the point

(i)

(d) (i)

5094

(i)

t onthe helix r = (acost, asint, ct).

Osculating 3 9s1 @ rectifying o 3@l wie | r = (acost, asint, ct) helix
@7 @ ™ t 93 &= osculating s fefd 77

Find the normal curvature of the right angular helicoid
X=Uucosv, y=usinv, z=cv a a point on it. State the Serret-Frenet
formulae.

X=Ucosv, y=usinv, z=cv right angular helicoid-93 & &9 @3 ™o
FAE @Ol W 697 7911 Serret-Frenet-93 FEIG @741

(2+4)+
(4+2)

Find the principal directions and the principal curvature on the surface 6+(4+2)

x=a(u+v), y=bu-v), z=uv.

W x=a(u+V), y=bu-v), z=uv @3 &7 &4 & (principal directions)
@R ie 7@t (principal curvature) e 11

3
V . . .
Prove that the curves — = constant are geodesics on a surface with metric
u

vZdu? —2uvdudv+2u?dv® (u>0, v>0).
State Rodrigue’ s formula.
o $9 @, v2du? — 2uvdudv+2u?dv? (u>0, v>0) (fEFT&E +tda geodesic

3
offi 2o — = T T
u

Rodrigue -a3 el (5741




